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Preface ix

noise, the so called S-transform, mentioned in (2) above of random
functional of noise is applied, so that we can use a modern version of
the theory of functional analysis.

(ii) The convergence in probability. Since there are cases where the exis-
tence of moments of the random variables in question is not required,
we want to discuss a sufficiently wide class of random functions, in
particular random fields. Path-wise nonlinear operations are naturally
introduced and discussed there. The use of characteristic functional is
efficient in this case.

We are now in a position to speak of the most significant characteristics
as well as the central advantages of our approach, although space is too
limited to describe the details. They are listed below.

(1) If one is allowed to use intuitive notations of white noise and Poisson
noise like Ḃ(t) and Ṗ (t), it is claimed that they are taken to be variables
of random functions that describe the given random complex systems.
As a result, we are led to introduce generalized functionals of noise.
This allows us to discuss stochastic analysis for a sufficiently broad
applicable area. Further, it is natural to introduce differential and
integral operators in Ḃ(t) and Ṗ (t) and to establish an analysis of
new kind.

(2) White noise measure enjoys rich invariance, so that the infinite dimen-
sional rotation group can be introduced (see (4) above). This enables
us to discuss a Harmonic Infinite Dimensional Analysis. Note that
the analysis is essentially infinitely dimensional, the exact meaning of
which will be illustrated in this book.

(3) It is emphasized that both Ḃ(t) and Ṗ (t) are elemental, being mem-
bers of idealized innovation. With the factor dt they can serve as ran-
dom measures. On the other hand, their sample functions (generalized
functions) as well as functionals of them can be dealt with within our
framework. Sample function-wise stochastic properties can be investi-
gated by this idea. For detailed calculus, we introduce a wider class
of those functionals, denoted by (P), without assuming the existence
of variances. Precise characters of space-time dependency and causality
of evolutional phenomena can now be discussed in a natural manner.

(4) Qualitative probabilistic properties, like stochastic optimality and
reversibility, can smoothly be discussed within our framework. In par-
ticular, one can see more clearly in the case of random fields. Further,
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Preface

The purpose of this book is two-fold: First, we analyze random fields in line
with innovation theory. The analysis will be carried out as an application
of white noise analysis which has developed extensively in recent years.
Most of the random fields to be discussed are complex systems that are
parameterized by a space-time parameter t or by a manifold C like a curve
and surface and are evolutionary with respect to those parameters. In
what we discuss here, one can see, among the highlights of this volume, the
effectiveness of the variational calculus applied to the random fields.

Our second aim is to show interesting applications in many areas, such
as quantum dynamics, quantum field theory, statistical mechanics and
molecular biology, as well as many other fields of science. There one can
see significance of the innovation approach to random complex systems that
are developing as the parameter varies.

The random fields that we discuss in this volume are assumed to be func-
tionals of white noise of either Gaussian or Poisson type, parameterized by
a multi-dimensional time (vector) t or by a certain manifold C that is run-
ning through a Euclidean space. Let a field be denoted by X(t) = X(t, x)
or by X(C) = X(C, x), where x is a sample function of a white noise and
t is a vector in a certain topological vector space, and where C changes
within a certain family C of smooth, closed and convex manifolds in Rd,

d ≥ 1. We focus our attention mainly on X(C), where, in particular, C

is chosen so as to run through a space-time domain. Thus, X(C) can be
thought of as a realization of random complex phenomena varying as C de-
forms and being interfered with by a fluctuation, a mathematical expression
of which is a white noise x.

Our main interest is the determination of the probabilistic structure of
X(C). There are several mathematical tools for this aim; among others,
we first provide its stochastic variation, denoted by X(C), obtained by an

vii
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infinitesimal deformation of the C. The variation therefore expresses the
infinitesimal change of the random phenomenon in question. Further if we
can introduce an equation for stochastic variation, then it (or its solution)
characterizes the structure of X(C). The study of such variational calculus
is to be a sort of stochastic calculus. It might be considered an analogue
of the classical theory of calculus of variation. In fact, it is partially true,
but not quite. In addition to the classical results, the stochastic part of
the variational calculus plays a more important role, and its study requires
some advanced theory of probability.

We shall also discuss random functions depending on a function f .
There are many good examples in these cases. It is noted that some X(C)
discussed above can often been reduced to this case, since C may be repre-
sented by a vector-valued function.

With these assumptions, we are now ready to provide some background
including the following topics which are known concepts in white noise
theory:

(1) White noise with multi-dimensional parameters and with its restriction
to a lower dimensional manifold. Similar facts for Poisson noise.

(2) Generalized functionals of white noise, and the S-transform that carries
those functionals to non-random functionals of ordinary real valued
functions.

(3) Theory of calculus of variations that provides a powerful tool in the
analysis of random fields with the help of the S-transform.

(4) Infinite dimensional rotation group that describes the invariance of the
white noise measure.

With this background we shall discuss stochastic variational calcu-
lus and its applications. We can see various applications that suggest to
us new directions of our white noise analysis, in particular directions to
quantum dynamics and quantum computation.

Before we come to the actual steps of the main subjects, we first need to
determine the topology to be introduced in the class of random functions
and stochastic processes, so that the variation is rigorously defined. The
possible topologies are as follows:

(i) The mean square topology. In this case we start with a Hilbert space
involving square integrable functionals with respect to the white noise
measure. The norm of the space is given by the positive square root of
the quadratic mean. The Gaussian fields have been extensively inves-
tigated within this framework. Given either Gaussian noise or other
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our setup enables us to see good connections to quantum probability
and to quantum dynamics.

(5) Of course there are many applications where a person can receive a
new insight and can see beautiful interplay between mathematics and
other fields of science. The reader might think that this book aims
mainly at some applications of mathematics, but that is not quite true.
Application of mathematics only contributes little to mathematics. On
the other hand, we know that applications of physics or of others to
mathematics have often made vital contributions to mathematics. Part
of this idea can be seen in this volume.

A final note is that most of the parts of this book are easily understood,
and we may say that the book is elemental, but not elementary. However,
occasionally some more difficult ideas ground this work, as the readers
might guess. Thus, this book can be read on different levels, depending on
the reader.

It is our regret that we did not make good connections with non-
commutative geometry or some thoughts on topics related to path integrals,
which can be discussed from our viewpoint. Readers will find a short note
on this topic in the Epilogue at the end of this volume. Some supplementary
notes related to this topic are also in the Epilogue.

T. Hida and Si Si
July 2003, Nagoya, Japan
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Chapter 1

Introduction

1.1 The idea of our approach

We first describe the basic idea of white noise analysis, as a background for
innovation approach to random fields. Then various motivations will come
in the following sections.

Generally speaking, a guideline of the analysis of random complex sys-
tem is the reductionism. Intuitively speaking, first we try to find a basic
system of elemental random variables (sometimes, elemental stochastic pro-
cess is taken) from the given system (reduction). Actually we wish to have
the fundamental unit, in a sense, of randomness. Then, the given random
system is expressed as a functional (synthesis) of those variables (or the pro-
cess). Then, follows the analysis of the functional. The analytic properties
of the functional can determine the probabilistic structure or the character
of the given random complex system. It is noted that the random complex
systems to be discussed are usually evolutional system depending on time
or space-time, so that the causality is always involved there. Thus, the
following diagram is given:

Reduction → Synthesis → Analysis

Causality is always involved.

Important cases, in fact in many cases, the system of elemental random
variables is taken to be white noise, Gaussian white noise and compound
Poisson noise. Gaussian white noise is often called just white noise and
the second noise is called Poisson noise. Thus white noise analysis together
with Poisson noise analysis will play the main role for our purpose.

With this situation in mind, it is now ready to tell the motivations of
our innovation approach.

1
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First, we consider a simple and familiar class of random complex
systems. It is nothing but a class of stochastic processes. The problem of
obtaining innovation of a given stochastic process X(t) has been discussed
by many authors by using various methods, in fact not so much related to
each other and without general mathematical definition, although intuitive
meaning of innovation and its roles are rather clear. A general meaning
of innovation was first given in 1953 by P. Lévy in terms of stochastic in-
finitesimal equation, although the equation has only a formal significance.
(For a rigorous definition see Section 8.1.) Following our idea of the study
of random complex systems we have studied various kinds of examples of
stochastic processes for which innovation can be obtained explicitly and
recognized its significance in stochastic analysis.

It is noted, regarding a stochastic process, that the obtained results are
satisfactory to some extent and have good applications. The innovation
theory for a stochastic process would serve as a good model when we come
to the class of random fields X(C) parameterized by a manifold C. There
is, of course, significant difference between the two cases; for X(t) and for
X(C). As is easily understood, when the parameter varies, the variation of
X(C) carries quite large amount of information, compared to X(t). Such
an understanding is almost trivial, but in reality it is essential.

Thus, we have to give much interpretation to the importance of innova-
tion of random field. For this purpose, the review of the study of X(C) is
given in a separate section.

1.2 Random functionals X(C) depending on a manifold C

One may ask why a random field X(C) should be investigated so exten-
sively. To answer this question we shall show that interesting random fields
will arise from the multi-dimensional parameter Lévy Brownian motion,
the importance of which everybody agrees with. Here is a definition of the
Rd-parameter Lévy Brownian.

Definition 1.1 A family of random variables X(a), a ∈ Rd, is called the
Lévy Brownian motion, if it satisfies the following three conditions:

(1) It is a Gaussian system,
(2) E(X(a)) = 0, a ∈ Rd and X(o) = 0, where o being the origin of Rd,
(3) E(|X(a) − X(b)|2) = ρ(a, b), where ρ is the Euclidean distance.

By definition, it is easy to prove that

Γ(a, b) = E(X(a)X(b)) =
1
2
(ρ(a, o) + ρ(b, o) − ρ(a, b)).
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Remark 1.1 The Lévy Brownian motion can be thought of as the most
natural generalization of the ordinary Brownian motion B(t). There is
another generalization, called a Brownian sheet, but it is to be discussed
somewhat different viewpoint from the Lévy Brownian motion.

P. Lévy introduced the multi-dimensional parameter Brownian motion
X(a) in 1945 (C.R. Acad. Sci. 220), and studied systematically in his 1948
monograph [46]. Since then, there have been many approaches to the study
of X(a), including the results by P. Lévy himself. The X(a) is a natural
generalization of an ordinary Brownian motion B(t), which occupies the
most important position and plays the central role among stochastic pro-
cesses depending on R1-parameter. As one can recognize, the definition is
given in dimension-independent fashion.

In particular, if the parameter a is restricted to a straight line passing
through the origin, then it is parameterized by a real number t and we are
given an ordinary Brownian motion with R1-parameter.

Another remarkable property to be mentioned is that in studying the
dependence of X(a) on the parameter a it is convenient to introduce random
fields that come from functions of the X(a), a being restricted to some
region in Rd. To illustrate this fact, some examples are provided below.

We considered the conditional expectation of the Lévy Brownian motion
and an interesting fact was observed as follows.

Example 1.1 Let X(a), a ∈ R2, be Lévy’s Brownian motion, C be a
smooth curve which is a loop and p be a point which lies inside of C. The
conditional expectation is expressed as

E[X(p)|X(s) ≡ X(a(s)), a(s) ∈ C] =
∫

C

f(p, s)X(s)ds. (1.2.1)

Namely, for the case of a circle C, the parameter is taken to be θ instead
of s and then the kernel function f(p, θ) is obtained as

f(p, θ) =
(t2 − x2)2

8tρ(x, t, θ − β)3
+

1
2π

(
1 − t + x

2t
E

(
π

2
,
2
√

tx

t + x

))
,

where E is the elliptic function, t is the radius of the circle C, x = |MP |
and β = ∠OMP, in which M is the centre of C and O is the point on the
circle for θ = 0.

When C is taken to be an arc of the above curve C with the edge points
a and b, the conditional expectation is

E[X(p)|X(s) ∈ C, a ≤ s ≤ b] =
∫ b

a

g(p, s)X(s)ds (1.2.2)
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in which the kernel function g is obtained as

g(p, s) = f(p, s) + αδa(s) + βδb(s). (1.2.3)

Example 1.2 Suppose the values of the Lévy Brownian motion on the
entire line is given, p be a point which is not on the line. Then, we have

E[X(p)|X(s),−∞ ≤ s ≤ ∞] =
∫ ∞

∞
f(p, s)X(s)ds, (1.2.4)

with

f(p, s) =
t2 sin2 θ

2ρ(s, t, θ)
, (1.2.5)

where

ρ(s, t, θ) = (s2 + t2 − 2|s|t cos θ)1/2.

If the Lévy Brownian motion is given on a finite interval [a, b], instead
of the whole line. Then, the kernel function is obtained as

g(p, s) = f(p, s) + αδa(s) + βδb(s),

where

α =
t

2a

(
1 − t − a cos θ

ρ(a, t, θ)

)
, β =

t

2a

(
1 − b − t cos θ

ρ(b, t, θ)

)
.

p

t

o
θ

x

ρ (x, t, θ)

Fig. 1.
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These examples tell us that when we changed from a whole loop (or
entire line) to a part of the loop (or a segment), the kernel function of
the conditional expectation has changes; it is a sum of the original kernel
function and additional terms which are δ-functions associated with the
edge points. Such an observation gives us an interpretation on how a certain
singularity of the conditional expectation occurs. More generally, we can
see if a manifold (taken to be a parameter) with boundary deforms, then
the geometrical discontinuity of the manifold creates high singularity of the
random field.

This is one of the understandings of the complex dependence on the
deformation of the parameter. Thus, when the variational calculus is dis-
cussed, we assume that the manifold has no boundary and is compact.

Then, we are led to consider the variation of Y (C) which denotes the
conditional expectation since it can be thought of as a functional of a closed,
smooth curve C. (The rigorous definition of the variation δX(t) and δY (C)
will be given in Chapter 7.) To emphasize the dependence of C, we intro-
duce a notation Y (C) =

∫
C

f(C, s)X(s)ds, f : smooth.
Then, its variation δY (C) is obtained as

δY (C) =
∫

C

{δf(C, s) + κf(C, s)δn(s)}X(s)ds +
∫

C

f(C, s)
∂

∂n
X(s)δn(s)ds,

(1.2.6)

where ∂
∂n stands for the normal differential operator, δn(s) denotes the

distance between C and C + δC at s, δf(C, s) is the variation of the kernel
f and κ denotes the curvature of C.

The normal derivative ∂
∂nX(s), is neither an ordinary nor a generalized

function, however it is well defined as a generalized function over R2 defining
in a way that

N(ξ) =
∫ ∫

R2

∂

∂r
X(r, θ)ξ(r, θ) dr dθ.

(See [70].)
This observation has made us to have interest in the variational prob-

lems of random fields X(C); C ∈ C by deforming the curve C in the
family C, which we usually take a class of smooth, convex, diffeomorphic
to S1 as a first step.

As is easily generalized, the parameter C can be taken to be a surface
in a space or more higher dimensional hypersurface to discuss a random
field X(C). So far we took a particular and in fact important examples to
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know the significance of random fields parameterized by C and the roles of
the variational calculus for them. Having extended such a view point, this
book discusses a general class of evolutional random fields by applying the
variational calculus.

(1) A general example of a random field is expressed as a causal repre-
sentation in terms of white noise x(u), u ∈ Rd. Let F (C, u) be a square
integrable function of u. Set

X(C) =
∫

(C)
F (C, u)x(u)du. (1.2.7)

The causality means that X(C) is a function of white noise x(u), u ∈ (C),
(C) being the open or closed domain enclosed by C.

(2) By using Green’s function we can form a random field X(C, t),
C ∈ C, as

X(C, t) =
∫

(C)
G(C, s, t)x(s)ds, (1.2.8)

where G(C, s, t) is Green’s function.
Here, it is easy to see that ∆tX, ∆t being the Laplacian in the vari-

able t ∈ Rd, gives the original white noise by using the classical analysis,
while the variation δX(C, t) in the variable C can be computed by using
Hadamard equation

δG(C, s, t) = − 1
2π

∫
C

∂G(C, s, m)
∂n(m)

∂G(C, m, t)
∂n(m)

δn(m)dm (1.2.9)

and the innovation can be obtained.

1.3 Stochastic variational equations

Lévy’s stochastic infinitesimal equation, proposed in 1953, for a stochastic
process X(t) is expressed in the form

δX(t) = Φ(X(s), s ≤ t, Y (t), t, dt), (1.3.1)

where Y (t) is the innovation. Although this equation has only a formal
significance, it tells us the following two important directions.

A mathematically rigorous definition of an innovation for X(t) and for
X(C) will be given in Chapter 8.

(1) The method of constructing innovation suggests the definition of a
stochastic process. After J. Bernoulli’s heuristic book “Ars Conjectandi”
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appeared as early as 1713, a stochastic process is understood as a random
function in which a new randomness (independent of the past) appears at
each instant. The randomness is expressed by the innovation. Details have
been discussed in Lévy’s book [47, Chapter II]. The actual formula for δX(t)
mentioned above appeared in his Berkley publication in 1953 (see [48]).

(2) The equation (1.3.1) is understood to be a formula that characterizes
the stochastic process in question. It is not given to be an ordinary equation.
To get a solution is not a main purpose.

What is explained above regarding the innovation is just for an intuitive
interpretation and is understandable for scientists.

With this spirit in mind we shall be able to introduce a generalization
of this equation to the case of a random field X(C). It may be given by the
following formula: when C changes from C to C + δC, we shall be given
the formula

δX(C) = Φ(X(C ′), C ′ < C, Y (s), s ∈ C, C, δC), (1.3.2)

where C ′ < C means that C ′ is inside of C, and where {Y (s), s ∈ C} is the
innovation for X(C). This equation may be called a stochastic variational
equation, and it will be explained later for the innovation approach.

So far, we have given only an intuitive meaning of the equations (1.3.1)
and (1.3.2) which have only a formal significance. Rigorous mathematical
definition and of the innovation appeared in these equations will be given
in Chapter 8.

For applicational purpose, we are much interested in the computabil-
ity of calculus that are used to form the variation. In particular, that of
quantum computability, so that the results would be useful to the (e.g.
quantum) computer.

1.4 Random functions X(f)

For nonrandom functional F (f), for which f runs over a certain class of
functions defined on an interval [a, b] with f(a) and f(b) are fixed, the
extremal point of F is obtained by the Euler equation. The theory is well
known in classical dynamics. We first see an example that will be related
to randomly fluctuating functions. If f is expanded in the Fourier series by
taking a complete orthonormal system, then F (f) is reduced to the function
with multi-dimensional parameter; in particular, R∞-parameter case.

(1) Lagrangian dynamics. The classical mechanics can be determined by
the Lagrangian denoted by L(ẋ, x, t), x = x(t), a ≤ t ≤ b. Namely, the
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least action principle uniquely determines the classical trajectory x(t). The
action defined by

S(x) =
∫ b

a

L(ẋ(t), x(t), t)dt, (1.4.1)

which is a functional of x, ẋ, and t, but eventually it is a functional of x(·).
With this understanding we proceed to the variational calculus.

(2) Another good example is the problem of statistical hydrodynamics. We
are given probability measures, depending on a time, introduced in the
phase space (see E. Hopf [39] and A.S. Monin–A.M. Yaglom, vol. [58]).
The evolutional equation is expressed in terms of the functional differential
equation for the characteristic functional of the measure introduced on the
phase space. There the functional is considered as an expectation of the
evolutional random field of velocity.

(3) Since the manifold C can be expressed by a vector valued smooth func-
tion f, we may rephrase X(C) by X(f). Then the classical functional
analysis can be applied. Note that the representation of C in terms of a
function f is not unique, but the probabilistic structure is independent of
the choice of f .

(4) Functionals of white noise can also be indexed by a smooth function f.

Sometimes f is taken to be a kernel function. We shall see many interesting
examples in applications.

(5) Multi-dimensional parameter stochastic process X(t), t ∈ Rd.

(a) Gaussian case; Functionals of (Gaussian) white noise.
The Lévy Brownian motion defined in Section 1.2 is the most
important example in the multi-dimensional parameter case, and
in fact it is standard from many respect.

For a random field with a multi-dimensional parameter, the multi-
plicity, defined in the radial direction of evolution, is usually infinite;
in this sense we can see high complexity.

The dependency in the stochastic sense increases as d increases.
If d → ∞, a certain determinism appears. This can be seen in the
case of the Lévy Brownian motion.

In addition we list the subjects to be discussed in this book,
related to Gaussian systems.
(i) Markov field: The dependence on the parameter is discussed

with the help of kernel functions in the representations in terms
of white noise.
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(ii) Reversible field (cf. 1-dimensional parameter stationary case).
A generalization is obtained, where we have the invariance un-
der certain transformations, which form a Lie group. This will
be discussed in Chapter 9.

(iii) Random version of the Hadamard equation.
(iv) A randomized Lotka–Volterra equation (see Section 10.6).
(v) More on Lévy’s Brownian motion.

(b) Poisson case; Functionals of Poisson noise.
(i) The theory of quantum optics, studied towards quantum com-

putation, suggests the systematic approach to Poisson noise or
that with higher dimensional parameter.

(ii) The case of the discrete chaos.
The basic element of the discrete class is given by the Wick
product : x(u1)x(u2) · · ·x(un) : where x stands for a sample
function of Poisson noise, the product is also viewed as a random
measure. A field will be given by an integral with respect to
this random measure.

Summing up, it is emphasized that all of them are discussed in line with
white noise analysis.

To close this chapter we may say that there are three pillars upon which
our white noise theory rests. They are actually advantageous of the white
noise analysis.

(1) For the Gaussian case, the basic space involves generalized white noise
functionals, each of which can be expressed as a sum of homogeneous
chaos(es) so as to be fitting for our analysis, where the time or the
space-time evolution appears explicitly (such an analysis is the so-called
causal calculus). Similar situations are seen in the analysis of gener-
alized Poisson noise functionals and even for functionals of compound
Poisson noise. All come from the fact that a noise, an idealized random
variable, is taken to be the variable of functionals.

(2) The infinite dimensional rotation group plays an important role, and
hence our analysis has a side of an infinite dimensional harmonic analy-
sis. Essentially infinite dimensional property can be illustrated by this
rotation group.

(3) The innovation approach in terms of white noise is the key theory to
the study of complex system, the most typical case is concerned with
random complex systems, in particular random fields which are our
main research objects.
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Chapter 2

White Noise

In this chapter, some necessary background of the theory of white noise
analysis will quickly be summarised to have a short excursion of the basic
theory for our purpose. For further background the reader is recommended
to see the literatures [28] and [42].

2.1 Preliminaries

It is important to note that our idea of white noise analysis starts out with
a step of the reduction. Namely, let a random complex system which is to
be analyzed be given, then we try to find a system of idealized elemental
random variables (i.e.r.v.), as the step of reduction, so that the given sys-
tem is expressed as a functional of the i.e.r.v.’s. In most favourable cases,
they form a generalized stochastic process with independent values at every
point.

The familiar way of the analysis of functionals of the independent ele-
mental random variables is to introduce a Hilbert space spanned by those
functionals with finite variance, and appeal to the standard way of the anal-
ysis on Hilbert space. This will be discussed below systematically. Here
is an important remark that there are many interesting functionals that
can not be dealt with by the Hilbert space technique, i.e. L2-theoretical
methods. Of course, the method to discuss those functionals has a lot of
varieties, however we shall show some standard cases, since it is difficult to
cover all the cases.

In many important cases the i.e.r.v. is taken to be a white noise; more
precisely a Gaussian white noise. To fix the idea, the parameter space of
the white noise is now taken to be R. The analysis goes on the Hilbert
space (L2) which is defined by the steps (1) and (2) below.

11
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(1) Heuristically speaking, we take time derivative Ḃ(t) = d
dtB(t) of a

Brownian motion B(t) which has stationary independent increments,
so that we are given a system {Ḃ(t)} of idealized elemental random
variables. The {Ḃ(t)} is a generalized stochastic process which is
stationary. To speak of its probability distribution we compute the
characteristic functional C(ξ) = E[ei〈Ḃ,ξ〉], ξ being a test function in
E involving smooth functions on R.

(2) It is easy to see that C(ξ) = exp
[− 1

2‖ξ‖2
]
, where ‖ ‖ is L2(R1)-norm.

Now take E to be a nuclear space dense in L2(R1). The C(ξ) is con-
tinuous, positive definite and C(0) = 1. Hence, we can appeal to the
Bochner–Minlos theorem (see Appendix 1).

Let (E∗,B, µ) be given, where E∗ is a space of generalized functions
on R, more precisely E∗ is the dual space of E ⊂ L2(R1), B is a σ-field
generated by cylinder subsets of E∗ and where µ is the Gaussian measure
on (E∗,B) such that its characteristic functional C(ξ), ξ ∈ E, is given by

C(ξ) =
∫

E∗
exp[i〈x, ξ〉]dµ(x)

= exp
[
−1

2
‖ξ‖2

]
, ξ ∈ E. (2.1.1)

Remark 2.1 The system {Ḃ(t)} is a white noise. We also call the mea-
sure space (E∗,B, µ) a white noise. It is, in fact, a realization of white
noise. Originally, a white noise is understood as a system of independent
infinitesimal random variables which are time independent and Gaussian
in distribution like {Ḃ(t)} given above. We may call even x(·) in (E∗, µ) a
white noise.

Then, the complex Hilbert space

(L2) = L2(E∗, µ)

= {ϕ(x); complex valued, µ-square integrable} (2.1.2)

can be built in the usual manner, and it is taken to be the basic space of
white noise analysis.

Starting from (L2) we can construct a Gel’fand triple

(S) ⊂ (L2) ⊂ (S)∗, (2.1.3)

where (S) and (S)∗ are the space of test functionals and that of generalized
(white noise) functionals, respectively. Intuitively speaking, the above triple
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is an infinite dimensional analogue of the triple

S ⊂ L2(R1) ⊂ S′ (2.1.4)

in the definition of the Schwartz space of distributions.
An actual construction of the space (S)∗ of generalized white noise func-

tionals is shown successively in what follows.

The canonical bilinear form 〈x, ξ〉 connecting E∗ and E, x ∈ E∗, ξ ∈ E,

is B-measurable function of x for a fixed ξ ∈ E, that is a random variable
on (E∗, µ). Indeed, it is a Gaussian random variable with mean zero and
variance ‖ξ‖2, and hence it is a member of (L2). Suppose a sequence {ξn, n ∈
N}, with ξn ∈ E for every n, and converges to f in L2(Rd). Then, {〈x, ξn〉}
is a Cauchy sequence and so 〈x, ξn〉 converges in (L2). The limit is denoted
by 〈x, f〉 which is a random variable determined by f , almost everywhere.
Such a functional 〈x, f〉 is called a stochastic bilinear form.

Further it is possible to define the bilinear form taking f to be a gener-
alized function, e.g. a delta function to have x(t), and even the polynomial
in x(t)’s can be defined. For this purpose, we explain the following.

The multi-dimensional parameter (say Rd-parameter) case can be dis-
cussed in exactly the same manner to the case R1, where L2(R1) is replaced
by L2(Rd). We often use a simple notation like x(u), u ∈ Rd, to express a
white noise.

Wick product

Let x = x(u) be a white noise. The n-th order Wick product : x⊗n :, more
precisely : x⊗n(u1, u2, . . . , un) =: x(u1)x(u2) · · ·x(un) : of white noise is
defined by the following formal recursive formula.

: x⊗0 : = 1 (2.1.5)

: x⊗1 : = x (2.1.6)

: x⊗n : = : x⊗n−1 : ⊗̂x − (n − 1) : x⊗n−2 : ⊗̂Tr, (2.1.7)

where Tr ∈ Ŝ′(R2) is the generalized function given by

Tr :=
∫

δ⊗2
t dt,

i.e., if f ∈ S(R2), then 〈Tr, f〉 =
∫

f(t, t)dt. The symbol ̂ means
symmetrization.
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It follows that generalized function : x⊗n
tj

:=: x(t1)x(t2) · · ·x(tn) :

(t1, t2, . . . , tn) ∈ Rn, belongs to the space Ŝ′(Rn). With this understanding
the above recursive formula can be written as

: 1 : = 1 (2.1.8)

: x(u1) : = x(u1) (2.1.9)

: x(u1)x(u2) : = x(u1)x(u2)δ(u1 − u2)

: x(u1) · · ·x(un) : = : x(u1) · · ·x(un−1) : x(un) (2.1.10)

−
n−1∑
i=1

δ(un − ui) : x(u1) · · ·x(ui−1)x(ui+1) · · ·x(un−1):,

respectively.

We now come back to the basic Hilbert space (L2), for which we can
form the Fock space.

Theorem 2.1 We have a direct decomposition:

(L2) =
⊕

Hn,

where the subspace Hn is spanned by the Hermite polynomials in the white
noise x(u) of degree n.

The Hermite polynomials are nothing but the Wick product denoted by
: x(u1)x(u2) · · ·x(un) :, and more explicitly the subspace Hn is the collection
of white noise functionals of the form

∫
· · ·

∫
Rn

F (u1, u2, . . . , un) : x(u1)x(u2) · · ·x(un) : dun, (2.1.11)

where F is a symmetric L2(Rn)-function.

The above functional of x is identified with the homogeneous chaos of
degree n after N. Wiener, or we may call the multiple Wiener integrals of
degree n introduced by K. Itô.

Let L̂2(Rn)d⊗ be the subspace of L2(Rn×d) involving square integrable
functions F (u1, u2, . . . , un), uj ∈ Rd, j = 1, 2, . . . , n, which are symmet-
ric in n variables uj ’s. Then we have the following theorem for Rd-
parameter case.
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The space (L2) and the Fock space are easily generalized to the
case d > 1.

Theorem 2.2 [18] (Integral representation)
There is a bijection between Hn and L̂2(Rn)d⊗, such that

ϕ ↔ F ∈ L̂2(Rn)d⊗, ϕ ∈ Hn

and

‖ϕ‖(L2) = n!‖F‖2
L2(Rn×d).

It is important to note that any (L2)-functionals can be represented by a
sequence Fn of symmetric L2(Rn×d)-functions defined on finite dimensional
Euclidean space. The system of basic random variables is {x(u), u ∈ Rd}.

Given such a system, then the most elementary function ϕ is a polynomial
in the x(u), but it is not defined in the ordinary calculus since x(u) is a
generalized function of u. However, we may define a linear functional of the
tensor product of the x(u)’s with some renormalization. It is nothing but
the above integral (2.1.11).

It would be reasonable to take x(t) without smearing to describe the
evolutional random phenomena having the time variable explicitly. The
white noise functionals in terms of x(u)’s are necessarily not ordinary (L2)-
functionals but generalized functionals.

We are now ready to introduce the spaces of generalized white noise
functionals. Actually there are two typical types of a space of such gener-
alized functionals. To fix the idea we consider the case d = 1.

I. Space (S)∗

Let

A = − d2

du2 + u2 + 1. (2.1.12)

For any ϕ ∈ (L2), by using Theorem 2.1 and Theorem 2.2, it can be uniquely
expressed as

ϕ =
∞∑

n=0

ϕn, ϕn ∈ Hn,

and can have a representation

ϕn ↔ Fn ∈ L̂2(Rn).
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Thus, we associate a sequence Fn to any ϕ ∈ (L2). For any ϕ, repre-
sented above, satisfying the condition

∞∑
n=0

n!|A⊗nFn|20 < ∞,

we define Γ(A)ϕ ∈ (L2) by

Γ(A)ϕ ↔
∞∑

n=0

(A⊗nFn).

This operator Γ(A) is called the second quantization operator of A. We can
see that

1. Γ(A) has a set of eigenfunctions which forms an orthonormal basis for
(L2).

2. Γ(A)−1 is a bounded operator acting on (L2) with ‖Γ(A)−1‖ = 1.

3. For any p > 1, the operator Γ(A)−p is of Hilbert–Schmidt type.

For each p ≥ 0, define

‖ϕ‖p = ‖Γ(A)pϕ‖0,

where ‖ · ‖0 is the (L2)-norm. Let

(S)p ≡ {ϕ ∈ (L2); ‖ϕ‖p < ∞}.

Then (S)p is a Hilbert space with ‖ · ‖p. Define

(S) ≡ projective limit of {(S)p; p ≥ 0}.

Then (S) is a nuclear space by the above property 3 of Γ(A). We call (S)
a space of test functions. The dual space (S)∗ of (S) is called the space of
generalized white noise functionals. Thus we have a Gel’fand triple:

(S) ⊂ (L2) ⊂ (S)∗

as is announced in (2.1.3).

II. Space (L2)−

First extend the isomorphism between Hn and L̂2(Rn) established in
Theorem 2.2 (d = 1) to have

̂
H− n+1

2 (Rn) ∼= H−n
n ,
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where ̂Hm(Rn) is the subspace of the Sobolev space Hm(Rn) of order m,
consisting of symmetric functions on Rn. The direct sum

(L2)− =
∞⊕

n=0

cnH−n
n

is a space of generalized white noise functionals, where {cn} is chosen de-
pending on the purpose, in such a way that cn > 0 for every n and cn → 0.

Note that (L2)− has a Hilbert space structure.

Example 2.1 Generalized white noise functionals

1. x(t) = Ḃ(t) is a generalized function of x. Note that in the elemen-
tary calculus it is not permitted to evaluate a generalized function x

rigorously at t but we can do.
2. Renormalized polynomials (Wick product) are of the form

:
∏
j

x(tj) : .

3. The Gauss kernel

ϕc(x) = N ec
∫

x(t)2dt, c 
= 1
2
,

where N is a renormalizing constant.

S-transform

The representation (2.1.11) in terms of symmetric L2(Rn)-functions comes
from the S-transform given below. The S-transform of a generalized func-
tional ϕ(x) ∈ (S)∗ is defined by

(Sϕ)(ξ) =
∫

ϕ(x + ξ)dµ(x), ϕ ∈ (S)∗, (2.1.13)

which may be viewed as an infinite dimensional Laplace transform, since
we can establish

(Sϕ)(ξ) = exp
[
−1

2
‖ξ‖2

] ∫
exp[〈x, ξ〉]ϕ(x)dµ(x). (2.1.14)

The (Sϕ)(ξ) is often called U -functional.
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Example 2.2 Continuation of Example 2.1.
The S-transform of generalized functionals in Example 2.1 are

1. (Sx)(ξ) = ξ(t),
2. (S :

∏
j x(tj) :)(ξ) =

∏
j ξ(tj),

3. (Sϕc)(ξ) = e
c

1−2c

∫
ξ(t)2dt, c 
= 1

2

respectively.

These examples, together with others, illustrate that the S-transform
gives visualized expression and that renormalization is not ad hoc, but quite
natural.

Remark 2.2 Since ϕ is a generalized functional, it should be noted that
ϕ can be defined for the variable x+ ξ which is still in the support of µ and
that the integral (2.1.13) is understood to be the value of ϕ(· + ξ) evaluated
at 1.

There is a characterization theorem for generalized white noise func-
tionals. The theorem is powerful when we discuss analysis on U -functional
in place of generalized functional.

Theorem 2.3 (Potthoff–Streit)
Let Φ ∈ (E)∗

β. Then its S-transform F = SΦ satisfies the conditions

(a) For any ξ and η in Ep, the function F (zξ + η) is an entire function of
s ∈ C.

(b) There exists non-negative constants K, α, and p such that

|F (ξ)| ≤ K exp
[
α|ξ|2/(1−β)

p

]
, for every ξ ∈ Ec.

Conversely, suppose a function F defined on Ep satisfies the above two con-
ditions. Then there exists a unique Φ ∈ (E)∗

β such that F = SΦ for any
q satisfying the condition that e2( 2α

1−β )1−β‖A−(q−p)‖2
HS < 1, the following

inequality holds:

‖Φ‖−q−β ≤ K

(
1 − e2

(
2α

1 − β

)1−β

‖A−(q−p)‖2
HS

)−1/2

.

(See [42], Chapter 8.)

There is no problem to define the formula (2.1.14) for ϕ in (S)∗, since the
exponential function is in (S). Thus, by using the S-transform, a differential
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operator ∂t, acting on (S), can be defined as follows

∂t = S−1
(

δ

δξ(t)
(Sϕ)(ξ)

)
, (2.1.15)

where δ
δξ(t) denotes the Fréchet derivative.

Note that a strong topology is introduced to the space E so as the
Fréchet derivatives are defined rigorously.

Remark 2.3 For the one dimensional parameter case, a concretized ex-
pression of white noise is Ḃ(t) which is the time derivative of a Brownian
motion B(t), and there µ-almost all x ∈ E∗ are viewed as sample paths of
Ḃ(t). We may also regard the operator ∂t as the partial differential opera-
tor ∂

∂Ḃ(t)
in the variable Ḃ(t), which has been defined rigorously by (2.1.15).

Here we note that the S-transform of Ḃ(t) is ξ(t).

The differential operator ∂t acts as an annihilation operator. While the
creation operator ∂∗

t is defined on (S)∗ as the adjoint operator of ∂t in
such a way that

〈∂tϕ, ψ〉 = 〈ϕ, ∂∗
t ψ〉, ϕ ∈ (S), ψ ∈ (S)∗, (2.1.16)

which plays an important role in an infinite dimensional stochastic analysis,
e.g. a stochastic integral, indeed Hitsuda–Skorokhod integral and others.

The sum

mt = ∂t + ∂∗
t

is the multiplication by x(t). At the same time it stands for a quantum white
noise. Through this fact, we can see good connection with the quantum
probability theory.

Note. The role of ∂t is quite different from that of d
dt (or δ

δC ). Sometimes
their roles are mutually complementary, and other times they are used
together in our calculus. The ∂t and hence ∂∗

t can appear only in the
stochastic calculus. This fact illustrates the complexity of the analysis of
random function.

In each case we have a graded algebra under the multiplication defined
by Wick product. Creation and annihilation operators act to increase and
to decrease the grade respectively. Such an understanding is helpful for the
application of white noise theory to other fields where non-commutative
operators are used (e.g. [43]).
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T -transform

The T -transform was introduced earlier than the S-transform, which is now
used more frequently by many reasons. The T -transform is defined by

(T ϕ)(ξ) =
∫

E∗
exp[i〈x, ξ〉]ϕ(x)dµ(x), ϕ ∈ (L2),

which can be thought of an infinite dimensional analogue of the Fourier
transform. Indeed, it plays some roles similar to the finite dimensional
Fourier transform. If one wishes to define a transformation that enjoys
more similar properties, then he can see the Fourier–Wiener transform (see
[18]). Here we only expect a transformation that gives some visualized
representation of the white noise functionals. The T -transform, like S-
transform, complies with our hope.

If ϕ is in the subspace Hn of homogeneous chaos of degree n, then we
can prove

(T ϕ)(ξ) = inC(ξ)U(ξ), ξ ∈ E,

where U(ξ) is the S-transform of ϕ, and is homogeneous in ξ of degree n.
The U is called U -functional associated to ϕ.

The following assertions can easily be proved.

Proposition 2.1
(1) If ϕ is an integrable white noise functional, then its T -transform is

defined and is continuous in ξ ∈ E.
(2) The domain of the T -transform extends to the space (S∗) of gener-

alized white noise functionals.

Because of the property (1), we often use the T -transform, as we shall
see in Section 3.9 to define the space (P).

The assertion (2) follows from the fact that exp[i〈x, ξ〉] plays a role of
test functional.

2.2 Multi-dimensional parameter white noise

Let x(u), u ∈ Rd, denote an Rd-parameter white noise. Our main idea
is to restrict the parameter u to C which is a smooth, convex and closed
manifold in Rd. In particular, C is often taken to be a smooth ovaloid.
This choice is important when the variational calculus is discussed. Before
we come to this topic, some observation on related topics is necessary.
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It is noted that the restrictions of the parameter should always be con-
sistent. Observation on the parameter restriction of the Lévy Brownian
motion as well as the relationship with the white noise would be helpful
for a study of parameter restriction of white noise itself. If the parameter
of the Lévy Brownian motion with Rd parameter is restricted to be in a
lower dimensional hyperplane, say Rd′

with d′ < d, passing through the
origin, then we are given Rd′

parameter Brownian motion. This is one of
the reason why the Lévy Brownian motion is a natural generalization of
the ordinary Brownian motion. However, it is not so simple to make a gen-
eralization of the obvious relationship between Brownian motion B(t) and
white noise Ḃ(t). A multi-dimensional Lévy’s Brownian motion describes
more complex dependence among B(t), t ∈ Rd, so that the relationship
between the Brownian motion and the white noise is much complicated
(see H.P. McKean [56]).

So far the parameter space of white noise has been taken to be the whole
Rd. It is easy to define a white noise with parameter restricted to a domain,
contained in Rd. However, we have to be careful when we let the parameter
be restricted to a lower dimensional manifold M, contained in Rd. When
we discuss variational calculus, we usually meet differentials where the pa-
rameter of the white noise is restricted to a surface or a curve. There we
tacitly assume the possibility of such a restriction, but not arbitrarily. It is
necessary to clarify this fact.

Assume that a white noise (E∗, µ), E∗ ⊂ L2(Rd), with a parameter
space Rd is given in advance.

Proposition 2.2 Let M be an ovaloid in Rd of C∞-class. Then, a white
noise measure with parameter set M is defined, and it is in agreement with
the one obtained from the original white noise measure by the restriction of
the parameter to M .

Proof. The characteristic functional C(ξ), given by (2.1.1), is written in
the form

C(ξ) = exp
[
−1

2

∫
Rd

ξ(u)2du

]
. (2.2.1)

The integral on Rd in the above formula can be restricted to that on a
smooth manifold M to have

CM (ξ) = exp
[
−1

2

∫
M

ξ(u)2du

]
, (2.2.2)
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where ξ restricted to M is in E(M) (a nuclear space of C∞-functions on M)
and where du is the volume element on the manifold M. Thus a Gel’fand
triple

E(M) ⊂ L2(M) ⊂ E(M)∗ (2.2.3)

is obtained and we are given a Gaussian measure µM on E∗(M) which is
uniquely determined by CM (ξ). Note that the construction of the above
Gel’fand triple heavily depends on the differential structure of the manifold
M. Indeed, it is possible to introduce a nuclear space E(M) with a suitable
choice of M so that the Bochner–Minlos theorem holds in order to guarantee
the existence of a probability measure µM on E(M)∗.

It is noted that such a restriction of parameter is consistent with the
choice of a manifold M like orthogonal projection in Hilbert space. Namely,
if M ′ is another manifold satisfying the regular conditions and if M ′ ⊂ M,

then the probability measure µ′ is the probability constructed from µM and
so is from µ itself.

Proposition 2.3 The measure µM is viewed as an induced distribution
of the original white noise measure µ.

It can be easily proved by noting what is mentioned just before this
proposition and since white noise has independent values at every point,
we omit the proof.

This fact will tacitly be used later, where a manifold M is specified to
be a contour C or a surface.

We now note that the actions by the operators ∂t and ∂∗
t can be re-

stricted to the spaces (S(M)) and (S(M))∗, respectively, for any convex
C∞-manifold M as was specified before so that a Gel’fand triple of func-
tions on M can be defined.

Note. It is interesting to study a random field X(a), a ∈ Rd, when a is
increasing in a radial direction. We can actually form such a field as an
increasing stable noise random measure. This field can be used as a random
multi-dimensional time.

Finally, we come to the restriction of the parameter of white noise to a
lower dimensional hyperplane or a manifold. In such a case, we need to use
the generalized white noise functionals supported by the hyperplane or the
manifold in question.
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Restriction of the parameter to lower dimensional domain

(1) Gaussian case

Given an Rd parameter white noise (E∗, µ). For f ∈ Rd the stochastic
bilinear form 〈x, f〉, x ∈ E∗, is defined. It is subject to a Gaussian distri-
bution N(0, ‖f‖2). Take f to be an indicator function such that

ft(u) = χI(t)(u), t = (t1, t2, . . . , td), I(t) = Πj [0, tj ].

A Brownian sheet is an Rd
+-parameter Gaussian system {W (t), t =

(t1, t2, . . . , td) ∈ Rd
+} such that

(i) E(W (t)) = 0,

(ii) E(W (t)W (s)) =
∏d

1 min(tj , sj), where Rd
+ denotes the non-negative

quadrant in Rd.

Brownian sheet is one of the generalizations of a standard Brownian
motion depending on t ∈ R1.

Various properties including the Markov property have been discussed
extensively. (See, e.g. R. C. Dalang and J. B. Walsh [6].)

We have done only in the place where (Gaussian) white noise is actually
constructed. Similarly, the Poisson sheet can be defined.

Set td ≡ 1. Then, we are given an Rd−1-dimensional parameter Brow-
nian sheet. It is now ready to have an Rd−1-dimensional parameter white
noise by applying partial derivatives in tj ’s (j 
= d).

If one is concerned only with the probability distribution, then he can
take a characteristic functional as before and can let the variable func-
tion ξ(u), u ∈ Rd, be restricted to a hyperplane to have the ξ restricted:
ξ(u)|u∈Rd−1, which is to be the new variable of the characteristic functional
in question. Note that this is quite different from the restriction of vector
valued random variables. This remark is meaningful when variation of a
random field is discussed.

Similarly, much lower dimensional parameter Brownian sheet and hence,
lower dimensional parameter white noise can be derived.

The idea of restricting the parameter to a hyper surface C is the same
for the case of restricting to a hyperplane provided that the C is assumed
to be a smooth ovaloid. Taking vectors with unit length along the normal
direction to have C + δC and integrate the white noise over the region
enclosed by C and C + δC. Then, a white noise parameterized by a point
s on C is obtained. Note that such a system of white noise associated
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x2

(s1, s2)

o x1

(t1, t2)

Fig. 2. Brownian sheet.

with C is consistent, since every one of them in the system comes from the
higher-dimensional parameter white noise given in advance.

Proposition 2.4 The restriction of the parameter of white noise can be
done with the help of Brownian sheet viewed as a random field.

Another method of restricting the parameter will be discussed later in
Section 7.2.

(2) Poisson case

For the Poisson noise the same trick can be applied so far as the Hilbert
space method is concerned. It will be discussed in Section 3.1.

The path space theoretical approach to a Poisson noise will come
later, where somewhat different type of the probabilistic properties will
be observed.

2.3 Infinite dimensional rotation group O(E)

Leaving the theory of white noise functionals for a moment we now
introduce the infinite dimensional rotation group. The effective use of the
group for the calculus is one of the big advantages of white noise analysis.
Heuristically, the infinite dimensional rotation group was originally intro-
duced by H. Yoshizawa in 1969 (published 1970). One might be surprised
that the term “rotation group” appears here, however, as will be seen in
what follows, this group plays a fundamental role in white noise analysis,
as it were, an infinite dimensional harmonic analysis. In fact, an invariance
of the white noise measure is described by the rotation group, the irre-
ducible representations of the group is used to explain important properties
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of Brownian motion, the action of the conformal subgroup enables us to
have the innovation from the variation of a random field, and so forth.

Now the definition is given. Let E denote a basic nuclear space which
is a dense subspace of L2(Rd).

Definition 2.1 A linear transformation g is called a rotation of E if it
satisfies

(i) a homeomorphism of E,
(ii) an orthogonal transformation acting on E, i.e. ‖gξ‖ = ‖ξ‖ for every

ξ ∈ E, ‖ · ‖ being the L2(Rd)-norm.

Obviously, the collection of all rotations of E forms a group, which
is denoted by O(E). The compact-open topology is naturally introduced,
since O(E) is a transformation group acting on a topological space E. Thus,
we are given a topological group.

Definition 2.2 The topological group O(E) is called the rotation group
of E.

Remark 2.4 The nuclear space E can be the Schwartz space S, in most
cases. However, when the conformal group is imbedded in O(E), it is con-
venient to take E to be D0(R) which is diffeomorphic to C∞(S1). This fact
will be discussed in Section 10.1.

There is much freedom to choose the basic space E in order to introduce
a rotation group. In case the basic nuclear space is not explicitly stated,
the rotation group is often denoted by O∞.

It is noted that the group O(E) for any choice of E is neither compact
nor locally compact. We therefore take suitable subgroups depending on
the purpose. Those subgroups play significant role in white noise analysis.
Therefore, we may say that the white noise analysis has an aspect of an
infinite dimensional harmonic analysis arising from the infinite dimensional
rotation group.

Associated with a rotation g is the adjoint operator g∗ which is uniquely
determined in the usual manner:

〈x, gξ〉 = 〈g∗x, ξ〉, x ∈ E∗, ξ ∈ E,

where 〈·, ·〉 is the canonical bilinear form that connects E and E∗. The
collection O∗(E∗) = {g∗; g ∈ O(E)} forms a group as is easily seen. In
addition, we can prove the following proposition.
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Proposition 2.5 The group O∗(E∗) is isomorphic to O(E) by the
corresponding

g ↔ (g∗)−1, g ∈ O(E),

which is bijective.

Because of this assertion, the group O∗(E∗) is also called the infinite
dimensional rotation group. To avoid confusion, we may say rotation group
of E∗.

Now the key theorem can be presented. Remind that we fix the measure
space (E∗,B, µ) of white noise.

Theorem 2.4 For any g∗ in O∗(E∗)

(i) g∗is B-measurable, and
(ii) white noise measure µ is g∗-invariant:

dg∗µ(x) = dµ(x),

where dg∗µ(x) is defined to be dµ(g∗x).

Proof. The assertion (i) follows from the fact that g∗ is bijective from the
algebra of cylinder sets onto itself, so g∗ is B-measurable .

As for the proof of (ii), we observe the characteristic functional of g∗µ :∫
E∗

exp[i〈x, ξ〉]dµ(g∗x) =
∫

E∗
exp[i〈g∗−1y, ξ〉]dµ(y)

=
∫

E∗
exp[i〈y, g−1ξ〉]dµ(y)

= exp
[
−1

2
‖g−1ξ‖2

]

= exp
[
−1

2
‖ξ‖2

]
, (2.3.1)

which is agreement with that of µ.

Note. It can further be proved that the measure µ is O∗(E∗)-ergodic.
This means that if A is a B-measurable set invariant under O∗(E∗), i.e.
µ(g∗A) = µ(A) for every g∗ ∈ O∗(E∗), then µ(A) = 0 or 1.

2.4 Subgroups of O(E)

As will be seen in Fig. 3, probabilistically interesting subgroups of O(E)
will be divided into two parts (in the Fig. 3, upper half part and lower half
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part). The first part, denoted I, the definition of subgroups comes from the
choice of a complete orthonormal system {ξn} of L2(Rn), where each ξn is
a member of E. The part I contains the subgroups (1), (2) and (3) listed
below. While the second part, denoted by II, involves members which is
defined by the diffeomorphisms. Hence the transformations acting on E

defined by the subgroups in II are coordinate-free. The subgroup (4) below
belongs to the class II.

(1) Finite dimensional rotations

Take an increasing sequence of subspaces En, dimEn = n.

Members of O(E) such that

g|En
∈ SO(n)

and

g|E⊥
n

= I, I : identity

form a subgroup of Gn of O(E).
The inductive limit G∞ of Gn is again a subgroup of O(E). This group

characterizes the infinite dimensional Laplace–Beltrami operator.
Here is a method of the characterization, which is rather well known.

First the algebra generated by the generators of two-dimensional rotations.
Once the coordinate system {ξn} of E is fixed, the generators can be
expressed in the form

γj,k = ξj
∂

∂ξk
− ξk

∂

∂ξj
, 1 ≤ j 
= k < ∞.

Form such a quadratic form Q of the γj,k’s as

(1) Q commutes with all γj,k’s,
(2) Q annihilates constants,
(3) Q is positive: namely,

(Qξ, ξ) ≥ 0.

Then, Q is expressed in the form

Q = c∆∞, c ≤ 0,

where

∆∞ =
∞∑
1

(
∂2

∂ξ2
n

− ξn
∂

∂ξn

)
. (2.4.1)
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Definition 2.3 The operator ∆∞ is called the infinite dimensional
Laplace–Beltrami operator.

Remark 2.5 In quantum dynamics N = −∆∞ is called the number
operator, since Hn in the Fock space is viewed as the collection of states
where n Bose particles are there and

Nϕ = nϕ, for every ϕ ∈ Hn.

It is known that (see, e.g. [28], [42]) the domain of ∆∞ is dense in (L2),
and in particular, the subspace Hn is the eigenspace:

∆∞ϕ = −nϕ, ϕ ∈ Hn.

Where the chaos expansion is available, the operator ∆∞ can be used
efficiently. Namely, a member of Hn is characterized as an eigen function
of the operator ∆∞.

(2) The Lévy group

Let π be an automorphism of the set Z+ of positive integers. The
density of π is defined by

d(π) = lim sup
N→∞

1
N

#{n ≤ N ; π(n) > N},

where # denotes the number of elements in { }.

Let gπ be defined in such a way that

ξ =
∑

anξn → gπξ =
∑

anξπ(n).

Set

G = {gπ; d(π) = 0, gπ ∈ O(E)}.

Then, G forms a subgroup of O(E). The group G has a close connection
with the Lévy Laplacian ∆L. This fact will be prescribed separately.

(3) The group H of changing sign of ξ

The binary expansion of t ∈ [0, 1] is given by

t =
∞∑
0

η(n)2−n, η(n) = 0 or 1.

Set ε(n) = 2η(n) − 1. Then, ε(n) is −1 or 1. We have

t ↔ {ε(n)} ∼= {−1, 1}∞.
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Let {ξn}be a complete orthonormal system. Define

gt : ξ =
∑

anξn ↔ gtξ =
∑

anε(n)ξ(n).

Then, obviously

‖gtξ‖2 =
∑

a2
n = ‖ξ‖2

holds.

(i) For any t, the gt is continous and linear on E.
This is proved by the equality

‖gtξ − gtη‖2 =
∑

(an − bn)2ε(n)2 = ‖ξ − η‖2.

(ii) The gt is continous in t and g0 = e (identity).
If |t−s| is small, the equality ε(n) = ε′(n), n ≥ N, holds for sufficiently
large N . Hence, we have

‖gtξ − gsξ‖2 ≤ 4
∞∑
N

a2
n.

In particular

gt → e : identity as t → 0.

Note. {gt} is not a one-parameter subgroup of O(E).

(iii) Each gt, t 
= 0 is essentially infinite dimensional transformation. In
other words, the average power (a.p.)

a.p.(gt) = lim sup
1
N

N∑
1

‖gtξn − ξn‖2 > 0.

(4) Whiskers

A continuous one-parameter group {gt}, each member of which comes
from diffeomorphisms of the parameter space Rd, is called a whisker. More
precisely, let g̃t be a diffeomorphism of Rd such that

gt : ξ → (gtξ)(u) = ξ(g̃tu)|J(g̃tu)|1/2,

where J is the Jacobian and that the following properties hold:

gt ∈ O(E),

gtgs = gt+s,

gt → e as t → 0.



May 3, 2004 8:53 WSPC/Book Trim Size for 9in x 6in CH2

30 Innovation Approach to Random Fields

Particular examples of a whisker can be seen as the conformal group
that we shall discuss later in Chapter 9. They serve important roles in the
variational calculus for random fields.

The subgroup that is, more general than whisker, involving the members
of O(E) that come from diffeomorphism of Rd is particularly important;
for example, those members serve to have a variation of a random field
X(C) expressed as a functional of white noise when C is deformed by the
diffeomorphisms of Rd. There the probability distribution of the innovation
is kept invariant. Under those actions the basic white noise is also kept
invariant.

The time shift is one of the most important example of a whisker, for
which the ergodic property will be discussed.

Fig. 3. Infinite dimensional rotation group.
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2.5 Laplacians

We have many operators which are analogues of the finite dimensional
Laplacian acting on L2(Rd):

∆d =
d∑

i=1

∂2

∂x2
i

.

By using the operators ∂t and ∂∗
t in Section 2.1, three infinite dimensional

Laplacians can be defined. Each plays its own roles, having connections
with O(E).

(1) Laplace–Beltrami operator

∆∞ =
∫

∂∗
t ∂tdt.

An alternative expression has been given in (2.4.1).

(2) Lévy Laplacian

∆L =
∫

∂2
t (dt)2.

The integral is often replaced by 1
|T |

∫
T
, T being an interval to have the

time. It annihilates members in (L2), but it effectively acts on (L2)−

or (S)∗.

(3) Volterra Laplacian

∆V =
∫

∂2
t dt.

2.6 Invariance of white noise

Invariance of measures associated to white noise under certain transfor-
mation will be considered. As for the Gaussian case, there is the infinite
dimensional rotation group, discussed in Sections 2.3 and 2.4. We may
take another group that gives invariance of white noise measure µ under
the transformation of the parameter. Such a group, in addition to whiskers,
arises depending on the purpose.

The group O(E) therefore contains not only subgroups which have their
own probabilitistic or some other significant meanings, but also individ-
ual members that are also useful for optional purpose. For instance, a
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diffeomorphism of Rd can act on E ⊂ L2(Rd) acts in such a way that

(gfξ)(u) = ξ(f(u))|Jf (u)|1/2

defines gf that is in O(E), where Jf (u) is the Jacobian. Transformations
gf of this type are helpful to define transformations of random fields X(C):

gfX(C) = X(f(C)).

Under g∗
f the white noise measure µ is kept invariant, and hence we are

given the same field as X(C) in probability distribution.

A transformation of a different type

For the transformation group, there is a group consisting of translations by
vectors which are in the support of µ. It is worth to mention the following
transformation. Let Tf be a translation of x ∈ E∗ by f.

Tf : x → x + f.

Concerning such a translation it is known that

Proposition 2.6 Let (E∗, µ) be a white noise. The measure µ is quasi-
invariant under Tf if and only if f is in L2(Rd).

The proof comes essentially from the Kakutani dichotomy (see [18],
Section 1.3) for infinite product of probability measures.

Obviously the collection T = {Tf , f ∈ L2(Rd)} forms a group. Thus,
we are led to define the infinite dimensional group of motions generated by
O(E) and T.
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Poisson Noise

3.1 Poisson noise functionals

A Brownian motion may be said to be one of the elemental additive pro-
cesses with stationary independent increments and, indeed, most important
process. Another elemental additive process is a Poisson process. Let it be
denoted by P (t), t ≥ 0. Remind the probability that P (t) takes the value k

(non-negative integer) is (λkt/k!)e−λt, where λ is the intensity.
The time derivative Ṗ (t) of a Poisson process is called a Poisson

noise. A Poisson noise is a generalized stochastic process, with independent
values at every t. The time parameter is extended to the entire R, by adding
another independent Poisson noise with parameter set (−∞, 0]. We use the
same notation Ṗ (t) for the Poisson noise with R-parameter. Its character-
istic functional CP (ξ), ξ ∈ E, is obtained in the following proposition.

Proposition 3.1 The characteristic functional CP (ξ) of Ṗ (t), t ∈ R, is
given by

CP (ξ) = exp
[
λ

∫
R

(eiξ(t) − 1)dt

]
; ξ ∈ E, (3.1.1)

where E is a nuclear space which is dense in L2(R).

Proof. Let {∆j} be a partition of R. Then,

E[ei〈Ṗ ,ξ〉] = lim
|∆j |→0

E[eiΣξ(tj)∆jP ], tj ∈ ∆j

= lim
∏
j

E[eiξ(tj)∆jP ]

= lim exp
[
λ
∑

(eiξ(tj) − 1)|∆j |
]
, |∆| being the length of ∆,

= exp
[
λ

∫
R

(eiξ(t) − 1)dt

]
.

33
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It is often convenient to let it be centered; Ṗ (t)−λ, which is a generalized
stochastic process with the characteristic functional of the form

CP (ξ) = exp
[
λ

∫
R

(eiξ(t) − 1 − iξ(t))dt

]
. (3.1.2)

Now we want to have a generalization of the parameter. Suppose that
the characteristic functional CP (ξ) of a Poisson noise with Rd-parameter is
given by

CP (ξ) = exp
[
λ

∫
Rd

(eiξ(t) − 1)dtd
]

, (3.1.3)

as a formal generalization of (3.1.1). Note that we do not have satisfactory
definition of Rd-parameter Poisson process (or field). Plausible reasons why
we take such a simple generalization to Rd-parameter case will also be given
in Section 3.5.

Thus, so far as probability distribution is concerned, the marginal dis-
tribution can easily be obtained by the usual method, in particular take the
variable t in Rd to be a lower dimensional vector. A probabilistic meaning
behind this trick of restriction will also be illustrated in Section 3.5.

Take ξ to be the indicator function of I(t), t ∈ Rd, as in Gaussian case
in Section 2.2 and form a stochastic bilinear form 〈Ṗ , ξ〉, which is to be
a Poisson sheet. A restriction of the parameter to a hyperplane defines a
lower dimensional parameter Poisson sheet and then Poisson noise. Also a
restriction to a hypersurface is given.

We then come to the analysis of functionals of a Poisson noise. As in
the Gaussian case we can state propositions which will be counterparts to
the Gaussian case. The technique is quite similar, so that we shall omit the
statement.

It is noted that by the observation of a Poisson sheet, we can easily see
invariance of Poisson noise under some transformations of the parameter
space.

We now introduce a class of functionals of Poisson noise and find that
the analysis also has much similarity to the case of Gaussian white noise.
Dissimilarity will be explained with much emphasis when we meet it later.

The probability distribution µP is introduced on the space E∗ which
includes L2(Rd), so that we are given a probability space (E∗, µP ). The
complex Hilbert space (L2)P = L2(E∗, µP ) is the basic space, from which
our analysis starts.
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To fix the idea, we consider the case d = 1. By the form of the charac-
teristic functional (3.1.1) it is easily proved that

∫
E∗

〈x, ξ〉2dµP (x) = λ

∫
R

ξ(u)2du + λ2
(∫

R

ξ(u)du

)2

,

which is finite. Also, we can prove that∫
E∗

|〈x, ξ〉|ndµP (x) < ∞.

Hence, all the polynomials in 〈x, ξ〉 belong to the Hilbert space
(L2)P = L2(E∗, µP ).

Introduce the U -transform (see K. Saito and A. Tsoi [68]) defined by

Uϕ(ξ) = CP (ξ)−1
∫

E∗
ei〈x,ξ〉ϕ(x)dµP (x), ξ ∈ E,

for ϕ ∈ (L2)P .
Set

K(ξ, η) = exp[〈eiξ − 1, eiη − 1〉], ξ, η ∈ E.

Then, the kernel K(ξ, η) is proved to be positive definite, so that we can
form a minimal reproducing kernel Hilbert space (RKHS) F = H(K) with
kernel K. (See Appendix 3.) Let the inner products in (L2)P and F be
denoted by (·, ·) and (·, ·)F, respectively. Then, we have

(Uϕ, Uψ)F = (ϕ, ψ), ϕ, ψ ∈ (L2)P .

As in the case of Gaussian white noise, we have the Fock space, that is a
direct sum decomposition of (L2)P :

(L2)P =
∞⊕

n=0

HP,n,

where Hp,n is the space of the discrete chaos of degree n.
Under the U -transform the subspace Hp,n is transformed to a subspace

Fn of F:

Fn =

{
Uϕ(ξ) =

∫
Rn

F (u1, u2, . . . , un)
n∏
1

P (ξ(uj))dun, ϕ ∈ HP,n

}
,

where P (ξ(u)) = eiξ(u) − 1. The kernel F is a symmetric L2(Rn)-function
(that is F ∈ L̂2(Rn)) and

‖ϕ‖2 = n!‖F‖2
F.
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Actually, the U -transform gives a bijection between HP,n and Fn.

Fn
∼= L̂2(Rd). (3.1.4)

In addition

Fn ⊥ Fm, n 	= m. (3.1.5)

Proposition 3.2 The subspace Fn is spanned by

∂

∂Q(η1(t1))
∂

∂Q(η2(t2))
· · · ∂

∂P (ηn(tn))
CP (ξ),

where Q(x) = eix − 1, ηi ∈ E, and ti; i = 1, 2, . . . , n, are different.

In order to define generalized Poisson noise functionals we follow two
steps. First the subspace Hp,n is extended. Namely, kernel functions F can
be taken to be a generalized function in the symmetric Sobolev space of
order −(n + 1)/2. Thus we have a larger space H−n

p,n . The next step is to
have a weighted sum of the H−n

n : Take a decreasing sequence cn of positive
numbers to define

(L2)−
P =
⊕

cnH−n
P,n. (3.1.6)

This is the space of generalized Poisson noise functionals.
Accordingly in the RKHS F, we have

F− =
⊕

n

cnF(−n)
n , (3.1.7)

F(−n)
n

∼= H−n
P,n, under U transform.

Example 3.1 Remind that a stochastic bilinear form 〈x, I(t)〉 is a version
of a Poisson process P (t). The U -transform of a centered Poisson process
is given by a kernel χI(t)(u)−λt. Hence the centered Poisson noise Ṗ (t)−λ

corresponds to δt(u). Its p-th power has the kernel δt(u)p⊗ and defines a
generalized Poisson noise functionals; it is a polynomial in Ṗ (t).

Proposition 3.3

(i) ∂
∂Q(η) is a derivation acting on F−. It is an annihilation operator and
the domain involves Fn.

(ii) The adjoint operator ( ∂
∂Q(η) )

∗ is defined and it is a creation operator.
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Compound Poisson process and compound Poisson noise (the time
derivative of a compound Poisson process; it is often called a Lévy noise)
shall be discussed later when we discuss innovation of a stochastic process
or a random field. The case where the parameter space is taken to be
Rd, d ≥ 1, will also be discussed later.

Concerning a heuristic literature, the reader is recommended to follow
N. Wiener’s work on the discrete chaos [92].

We also see good examples in quantum optics (see e.g. [41]), where the
intensity λ may be randomized.

The projection operator E(t) in (L2)P can be defined by

E(t)ϕ = E[ϕ|Bt(P )],

where Bt(P ) is the σ-field, with respect to which all the 〈x, χI(s)〉, s < t,

are measurable in the measure space (E∗,B, µP ).

Proposition 3.4 E(t) commutes with the projection Pn : (L2)P → Hp,n.

3.2 Functional equations for CP (ξ)

(1) An equation characterizing holding time effect

We assume that d = 1.

Theorem 3.1 A characterization of Poisson noise is given by the func-
tional equation for the characteristic functional CP :

CP (ξ) =
∫ ∞

0
λ exp[−λt + iξ(t)]CP (Stξ)dt, (3.2.1)

where St is the shift operator:

(Stξ)(u) = ξ(u + t).

The converse is true under the assumption that CP is a characteristic func-
tional of a generalized process.

Proof. Let the jumping times be t0, t1, . . . , tn such that
0 = t0 < t1 < · · · < tn = 1. Set τi = ti − ti−1, then {τi} are independent
identically distributed exponential distribution with mean λ−1, λ > 0.

Thus we can write

Ṗ (t) =
∑

δtj
,



May 3, 2004 8:54 WSPC/Book Trim Size for 9in x 6in CH3

38 Innovation Approach to Random Fields

and so we have

CP (ξ) = E
[
exp(i〈Ṗ , ξ〉)

]
= E
[
exp
(
i
∑

〈δtj
, ξ〉
)]

= E


exp


i

∞∑
j=1

ξ(tj)




 = E


exp


iξ(t1) + i

∞∑
j=2

ξ(tj)






= E


exp(iξ(t1)) exp


i

∞∑
j=2

ξ

(
t1 +

j∑
k=2

τk

)




= E


E

exp(iξ(t)) exp


i

∞∑
j=2

ξ

(
t +

j∑
k=2

τk

)

∣∣∣∣∣t1 = t






= E

[∫
exp(iξ(t)) exp

(
i

∞∑
2

ξ

(
t +

j−1∑
1

τk

)
λe−λt

)]
dt

=
∫

exp(iξ(t))λe−λtE

[
exp

(
i
∑

ξ

(
t +

j−1∑
1

τk

))]
dt

=
∫

exp(iξ(t))λe−λtCP (Stξ)dt.

The proof of the converse is given by the following facts.
We know from the assumption of the continuity of Cp(ξ) that there is

a measure, in the Sobolev space E−1, of order −1, which is defined by the
Cp(ξ). There exists a generalized stochastic process Ż(t), the integral of
which is Z = Z(t) =

∫ t

0 ż(s)ds.
The additivity of Z follows from the fact that Ż(t) has independent

values at every t. Let z be a sample function of Z. Then we see

〈ż(·), Stξ(·)〉 =
∫

ż(s)ξ(s + t)ds

=
∫

ż(s − t)ξ(s)ds

= 〈ż(· − t), ξ〉.

The factor eiξ(t)Cp(Stξ) which appears in (3.2.1) is understood to be
the characteristic functional of δt(·) + ż(· − t), where δt(·) and ż(· − t) are
independent, t being fixed. Then the integral in (3.2.1) shows that it is the
expectation with respect to the randomized t subject to the exponential
distribution.
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Thus the characteristic functional in question is expressed in the form

E
[
ei(

∑
j〈δtj

,ξj〉)
]

which is in agreement with the characteristic functional of Poisson noise.

(2) The case of random intensity

The Poisson noise with randomized intensity plays an important role in
quantum optics (see [41], Chapter 2). It is also characterized by the func-
tional equation for the characteristic functional. Assume that the intensity
is subject to the exponential distribution with parameter α and let ĈP (α, ξ)
denote the Laplace transform of CP = Cλ

P , λ ≥ 0. Then, the mean of Cλ
P

with randomized λ is α ĈP (α, ξ). A characterization in question comes from

ĈP (α, ξ) = − d

dα

∫
eiξ(t)ĈP (α + t, Stξ)dt.

Further properties of a Poisson noise will be discussed in Section 6.5.

3.3 Observation of 1-dimensional parameter Poisson noise

In what follows is the definition of Poisson noise, and its characteristic
properties will be discussed with special emphasis on the optimality. This
will help us to give an effective determination of Poisson noise with one or
higher dimensional parameter.

A. Characteristic functional

A Poisson noise is the time derivative of Poisson process P (t) and is denoted
by Ṗ (t), as before.

As is well known, Ṗ (t) is a stationary generalized stochastic process
with independent values at every instant t.

The time parameter is now restricted to a finite interval, say I = [0, 1].
To have the corresponding characteristic functional, it is necessary to take
the basic nuclear space to be a subspace of L2(I).

In this section, the jump points of P (t), t ∈ I, will be denoted by
τ1, τ2, ..., successively in increasing order.
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Remark 3.1 The continuous bilinear form 〈Ṗ , ξ〉 extends to a random
variable 〈Ṗ , f〉, so as to be linear in f ∈ L2([0, 1]), and has the probability
distribution determined by the characteristic function

exp
[
λ

∫
I

(eizf(t) − 1)dt

]
≡ CI

P (zf), z ∈ R.

If f is taken to be an indicator function χ[0,t], then the random variable
obtained as above is in agreement with P (t).

B. Some conditional probabilities

Our study will be concentrated on Poisson noise over a unit time interval I.

Consider the event An on which P (1, ω) = n, where n is any non-negative
integer. Then, the collection {An, n ≥ 0, } is a partition of the entire ω-set
Ω. Namely, up to a set of measure 0, the following relations hold:

An ∩ Am = φ, n 	= m;
⋃

An = Ω.

Set

Xj = τj − τj−1, j = 1, 2, . . . , n (τ0 = 0, τn+1 = 1) (3.3.1)

on An.

Proposition 3.5 Under the assumption P (1) = n, the probability dis-
tribution of the random vector (X1, X2, ..., Xn+1) is uniform on the simplex∑n+1

j=1 xj = 1, xj ≥ 0.

Proof. It is known that the time intervals holding a constant value of a
Poisson process P (t), t ≥ 0, are all subject to an exponential distribution
with density function λ exp[−λt], λ > 0, t ≥ 0, and they are independent.
Hence, the joint distribution of holding times is subject to the direct product
of exponential distribution. Namely,

P (Xj ≥ tj , 1 ≤ j ≤ n + 1) = exp

(
−λ

n+1∑
1

tj

)
.

It can easily be seen that the density function of the conditional joint dis-
tribution density is constant over the symplex

∑n+1
1 tj = 1. Thus the

assertion is proved.
In this sense, Poisson process enjoys a sort of optimality (maximum

entropy), since the uniform distribution is involved.

Corollary 3.1 The probability distribution function of each Xj is
1 − (1 − x)n, 0 ≤ x ≤ 1.
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C. Conditional characteristic functionals

Let the time parameter be restricted to I = [0, 1], again. Take the event An

given before. The conditional characteristic functional CI
P,n(ξ) is defined

as follows:

CI
P,n(ξ) = E[ei〈Ṗ ,ξ〉|An].

Proposition 3.6 ([81]) We have

CI
P,n(ξ) =

(∫ 1

0
eiξ(t)dt

)n

. (3.3.2)

Proof. The proof proceeds by induction. Assume that the assertion is true
for n. Then, we have

E
[
ei

∑n+1
1 ξ(τj)

∣∣An

]
= Eτn+1

[
E
[
ei

∑n+1
1 ξ(τj)

] ∣∣∣∣τn+1 = x

]

=
∫

I

(n + 1)(1 − x)neiξ(x)E

[
ei

∑n
1 ξ(τj)

∣∣∣∣P (1 − x) = n

]
dx

=
∫

I

(n + 1)(1 − x)neiξ(x)
(

1
1 − x

∫ 1−x

0
eiξ(t)dt

)n

dx

=
(∫

I

eiξ(t)dt

)n+1

.

Thus, the assertion is proved.

Remark 3.2 Noting that P(An) = λn

n! e
−λ, it is proved that

∞∑
0

CI
P,n(ξ)

λn

n!
e−λ =

∞∑
0

(∫
I

eiξ(t)dt

)n
λn

n!
e−λ

= CI
P (ξ),

which is in agreement with the characteristic functional of Poisson noise
without any restriction on its value.

3.4 Construction of 1-dimensional Poisson noise

Let a collection {A′
n, n ≥ 0} be any partition of the entire sample space Ω

such that P (A′
n) = λn

n! e
−λ.

Let Y
(n)
k , 1 ≤ k ≤ n, be a sequence of independent identically dis-

tributed random variables, on the probability space (A′
n, P (·|A′

n)), which
are distributed uniformly on I = [0, 1]. The order statistics of Y

(n)
k gives
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us an ordered sequence Y
(n)
0 ≤ Y

(n)
π(1) ≤ Y

(n)
π(2) ≤ · · · ≤ Y

(n)
π(n) ≤ Y

(n)
π(n+1),

where Y
(n)
0 = 0 and Y

(n)
π(n+1) = 1. Then, the probability distribution of

Y
(n)
π(k+1) − Y

(n)
π(k) has the common density function n(1 − x)n−1, for every

0 ≤ k ≤ n. This fact can be proved by mathematical induction.

Theorem 3.2 The random vector {Y
(n)
π(k+1) − Y

(n)
π(k), 1 ≤ k ≤ n} on A′

n

has the same distribution as that of {Xk, 1 ≤ k ≤ n}, given in (3.3.1).

This theorem suggests to us how to construct a Poisson noise on I. In
other words, with these Y

(n)
k ’s we can form a noise V (n)(t, ω) in such a way

that

V (n)(t, ω) =
n∑

k=1

δ
(n)
Yk(ω)(t), ω ∈ An. (3.4.1)

Corollary 3.2 The generalized process V (n)(t, ω), t ∈ I, is the same
process as a Poisson noise Ṗ (t, ω), t ∈ I, on the conditional probability
space (An, P (·|An)), defined before.

We now have

Theorem 3.3 Let a system {Y
(n)
j (ω)} be independent uniformly dis-

tributed random variables on I with ω ∈ An. By arranging the {Y
(n)
j (ω)}

in increasing order, we have V (n)(t, ω), by (3.4.1). Set

V (t, ω) = V (n)(t, ω), ω ∈ A′
n; n = 0, 1, . . . (3.4.2)

on I. Then, V (t, ω), ω ∈ Ω, is a Poisson noise with the parameter t running
through I.

(Cf. [46])

3.5 Construction of d-dimensional parameter Poisson noise

Having been suggested by the observation in Section 3.4, we define the
Rd-parameter Poisson noise in this section.

In addition, we focus our attention to the optimality properties in terms
of entropy. The maximum entropy is obtained since Poisson noise is formed
by independent and uniformly distributed random functions which is taken
to be the delta functions that corresponds to jump points of Poisson process.

In the one dimensional parameter case the jump points are naturally
ordered on the real line. However, there arises a question on how to
define a Poisson noise by ordering the jump points suitably in the two
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dimensional region as well as in higher dimensional parameter case. This
leads us to think of the idea and thus we give the effective definition of
the higher dimensional Poisson noise as a generalization of 1-dimensional
parameter case.

We have discussed the conditional characteristic functional of Poisson
noise when the number of jumps is given in a specified time interval in
one dimensional parameter case, in the previous section. Its generalization
to a higher dimensional parameter case can be done in the same manner
discussed above.

The probability distribution of the random vectors, indexed by a point
in Id, that is Poisson noise with d-dimensional parameter, is invariant un-
der the permutation of the coordinates in Id, that is, under the symmetric
group.

A. Effective determination of Rd-parameter Poisson noise

Our question is how to define the Rd-parameter Poisson noise. By refer-
ing the characteristic properties of the one-dimensional parameter case, in
particular optimality, we can give a definition of the noise in question as a
multi-dimensional generalization of what we have observed in Section 3.3.
A sample function should now be a collection of delta-functions which are
randomly scattering.

Having limited the parameter set, say a unit d-dimensional cube D =
[0, 1]d, and fixing the event An on which there are delta functions as many
as n.

Let a collection {An, n ≥ 0} be any partition of the entire sample space
Ω such that P (An) = λn

n! e
−λ.

Now we define a D-parameter Poisson noise as follows.

Definition 3.1 Let the random vectors

Y
(n)
j (t, ω) = (Y (n)

j1 (t, ω), . . . , Y
(n)
jd (t, ω)); j = 1, . . . , n

be such that the components are independent and uniformly distributed
random variables on (An, P (·|An)), for t ∈ D. Set

V (n)(t, ω) =
n∑

i=1

δ
Y

(n)
i (ω)(t) on An. (3.5.1)

A D-parameter Poisson noise is defined by

V D(t, ω) = V (n)(t, ω), ω ∈ An; n = 0, 1, . . . ; t ∈ D. (3.5.2)
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To determine the probability distribution, the conditional characteristic
functional is given in the following proposition. We now see that the event
An defined above is the event that n delta functions are sitting in D.

Proposition 3.7 Given the event An. The conditional characteristic
functional CP,n(ξ) = E[ei〈V,ξ〉|An] of a D-parameter Poisson noise is of
the form

CD
P,n(ξ) =

(∫
D

eiξ(t)dtd
)n

. (3.5.3)

Proof is similar to the one-dimensional parameter case (in Section 3.3), so
is omitted.

The (unconditional) characteristic functional of a Poisson noise is com-
puted as follows. Take the Poisson distribution with intensity λ to have an
average. Then,

∞∑
0

CD
P,n(ξ)P (An) =

∞∑
0

CD
P,n(ξ)

λn

n!
e−λ

= exp
(

λ

∫
D

(eiξ(t) − 1)dtd
)

which is the same form as the characteristic functional of one dimensional
parameter Poisson noise expressed in (3.1.1).

Now take D to be a disc in Rd with center O (origin). Then, the charac-
teristic functional CD

P,n(ξ) is obviously invariant under rotations around O.
This means that n delta functions of Rd-parameter Poisson noise is invari-
ant under the SO(d). Namely, the distribution is symmetric with respect
to the rotations.

At this stage, it is not hard to define the conditional characteristic
functional with Rd-parameter case, just by replacing D with Rd. The
CRd

P,n(ξ) is simply written as CP,n(ξ).

Proposition 3.8 The weighted sum of CP,n(ξ) with weight λn

n! e
−λ is

expressed in the form

CP (ξ) = exp
(

λ

∫
Rd

(eiξ(t) − 1)dtd
)

. (3.5.4)

Again take D to be Id. We use the usual notation Z for the set of
integers in the following. Let D + m = {t + m; t ∈ D}, m ∈ Zd and define

V m(t, ω) = V D+m(t, ω), (3.5.5)
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in the same manner as V D(t, ω) so as {V m(t, ω), m ∈ Zd} to be
independent. A construction of a Poisson noise with the characteristic
functional (3.5.4) is given by

Theorem 3.4 The characteristic function of

V (t) =
∑

m∈Zd

V m(t, ω) (3.5.6)

is CP (ξ), given by (3.5.4).

Proof is obvious.
Thus, the V (t), given by (3.5.6), is an Rd parameter Poisson noise.

There remains a question on the reason why we take an average by
using the Poisson distribution. An elementary and plausible interpretation
to take such a weight of a Poisson distribution is given as follows.

We are suggested to take the weight as is familiar in the partition func-
tion in statistical mechanics. For the ideal gas, the energy at the level
(nx, ny, nz) is denoted by ε(nx, ny, nz) and the partition function Un for n

particles is given by

Un =
1
n!

e−c
∑n

j=1 ε(nxj
,nyj

,nzj
), c : constant.

Since each particle has the same energy, we must have

Un =
1
U

λn

n!
.

With the choice of U so as to be
∑∞

0 Un = 1, we are given Poisson distri-
bution with intensity λ proportional to the energy level.

B. Restriction of parameter

Consider a d-dimensional parameter Poisson noise. Let n be fixed and let
the event An be given. For each ω ∈ An there exist delta functions as many
as n, the coordinates of which are d-dimensional vectors Y d

1 , Y d
2 , . . . , Y d

n .
Take d′ < d. By the orthogonal projection

π(d, d′) : D = [0, 1]d → D′ = [0, 1]d
′
,

we are given d-dimensional vectors

Y d′
k = π(d, d′)Y d

k , 1 ≤ k ≤ n.

Note that Y d′
k ’s are different almost surely, since Y d

k ’s are independent and
uniformly distributed.
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With the help of the Y d′
k ’s we can define d′-dimensional parameter

Poisson noise. The conditional characteristic functional of D′ = [0, 1]d
′

parameter Poisson noise is obtained as

CD′
P,n(ξ) =

(∫
D′

eiξ(t)dtd
′
)n

(3.5.7)

and consequently, the (unconditional) characteristic functional of a Poisson
noise can be computed as is shown in Section 3.3. By reminding the Poisson
distribution with intensity λ, the characteristic functional is obtained as

CP,D′(ξ) =
∞∑
0

CD′
P,n(ξ)

λn

n!
e−λ

= exp
(

λ

∫
D′

(eiξ(t) − 1)dtd
′
)

which is in the same form as the characteristic functional of one dimensional
parameter Poisson noise expressed in (3.1.1), with time domain D′.

Such a method of parameter restriction together with the results will
be used to have the variation of random field X(C) formed by a Poisson
noise.

C. Poisson noise parameterized by a manifold

We are interested in an effective determination of Poisson noise parameter-
ized by a manifold, in particular by a sphere Sd.

Let d be fixed, and let Yk, 1 ≤ k ≤ n, be a sequence of independent
random variables taking values in Sd. Following the idea of determination of
a Poisson noise with optimality in mind, we assume that Yk’s are distributed
uniformly on Sd. Denote by σ the uniform probability distribution on Sd.

Then, the characteristic functional is

CSd,n(ξ) =
∫

Sd×n

ei
∑n

1 ξ(tk)dσ(t1) · · · dσ(tn)

=
(∫

Sd

eiξ(t)dσ(t)
)n

.

This is thought of as the conditional characteristic functional for given n.

The unconditional characteristic functional is to be

CSd(ξ) =
∞∑
0

CSd,n(ξ)
λn

n!
e−λ

= exp
(

λ

∫
Sd

(eiξ(t) − 1)dσ(t)
)

.
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This expression will be used when the variation of a random field X(C)
is actually computed, where the X(C) is a functional of Poisson noise V (u),
u ∈ (C).

3.6 Invariance of Poisson noise

It is obvious that the time shift leaves the probability distribution µp of a
Poisson noise invariant, since

CP (Sk
t ξ) = CP (ξ), (Sk

t ξ)(u) = ξ(u − tek), u ∈ Rd, (3.6.1)

where ek is the unit vector in the k-th direction of Rd.

Obviously, orthogonal group O(d) acting on the parameter space Rd

presents invariance of Poisson measure.

Proposition 3.9 The probability distribution µP of an Rd-parameter
Poisson noise is invariant under the actions

(1) the orthogonal group O(d), and
(2) the shifts of Rd.

Interesting property can be seen in the dilation of Rd-vectors:

τt : u → ueat, u ∈ Rd, a > 0.

Then the characteristic functional CP (ξ) changes into

exp
[
λ

∫
(eiξ(ueat) − 1)dud

]
= exp

[
λe−dat

∫
(eiξ(v) − 1)dvd

]
.

Namely, the intensity changes from λ to λe−dat, but distribution remains
to be of Poisson type.

Some invariance of the probability distribution of the conditional
Poisson noises have already been discussed in Section 3.5.

Before functionals of Poisson noise and their analysis are discussed, it
is worth mentioning some properties related to the random placement of
n points. Given equally distributed n delta functions in [0, 1] or equiva-
lently, given an event An(C Ω(P )) on which the probability concerning the
positions of n delta functions is invariant under the permutation of those
delta functions. More rigorously, the positions of the delta functions are
represented by the random variables (random vectors in the Rd-parameter
case) X1, X2, . . . , Xn which are distributed independently and identically
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t1

t0

1

1

1

o

t2

(t0, t1, t2)   uniformly distributed 

Fig. 4. Simplex.

on [0, 1]. Obviously the probability distribution of the random vectors is
invariant under the action of the permutation group S(n). Taking the order
statistics of Xj ’s we come to the same situation as in Section 3.4.

The placement or the arrangement of n points discussed above can be
realized by a Poisson noise (or a Poisson process) as follows. Now D is
taken to be the unit interval. Let V (t), t ∈ D, be a Poisson noise. Its
probability distribution µD

P is given on the space E(D)∗, which is the dual
space of a nuclear space E(D) dense in L2(D). The event An corresponds
to a subset B(n) of E(D)∗ by the measurable mapping:

ω → x ∈ E(D)∗, ω ∈ An,

where almost all x (with respect to the measure µP ) is viewed as a sample
V (·, ω) of the Poisson noise for w ∈ An. Such a transformation can be
done for every n and defines a mapping from Ω into E(D)∗. Under this
extended mapping the group S(n) naturally defines a transformation g

acting on E(D)∗ which leaves the measure µP invariant.

3.7 Multi-dimensional parameter Poisson sheet

The characteristic functional CP (ξ) of a Poisson noise with a given para-
meter set has the same form, regardless the domain of the integral, in
expression as was seen before. The Poisson sheet indexed by a rectangular
domain is useful to observe the properties of a Poisson noise in this case,
too. Actually a review and a supplement will be given in Section 7.7.
The Rd-parameter Poisson sheet P d(t), t = (t1, t2, . . . , td), is defined by a
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stochastic linear functional of Rd-parameter Poisson noise Ṗ d(t) in such a
way that

P d(t) = 〈Ṗ d, χI(t)〉, I(t) =
d∏

j=1

[0, tj ].

It has independent variations and the probability distribution is of Lattice
type.

3.8 Compound Poisson noise

A compound Poisson noise appears under mild assumptions in the general
innovation, for which the Lévy decomposition is applicable. Hence, many
interesting properties are obtained by reducing the given compound Poisson
noise to individual elemental Poisson noise, which is the component of the
innovation of the random complex system in question.

The Lévy decomposition of the innovation in the standard case is
explained as follows. To make the matters somewhat simpler, we still take
d = 1. The innovation is a system of idealized elemental random variables,
so that it is reasonable to assume that it is a time derivative of an addi-
tive process which is continuous in probability and hence, we have a Lévy
process L(t). Although there is some restriction, we may consider that the
increment of the additive process is stationary.

Under these assumptions, the innovation, which is now denoted by L̇(t),
has the characteristic functional

CL(ξ) = exp
[
−σ2

2
‖ξ‖2 +

∫ ∫
(eiξ(t)u − 1 − iξ(t)u)dn(u)

]
, (3.8.1)

where dn(u) is the Lévy measure satisfying the condition
∫

u2

1 + u2 dn(u) < ∞. (3.8.2)

If the Gaussian part −σ2

2 is missing, we are given a compound Poisson
noise.

The notion of the innovation will be discussed in details in Chapter 8,
but here we have mentioned an idea briefly.

From the expression of CL(ξ), we understand L(t) is a sum of Brownian
motion (up to constant) and a superposition of independent Poisson process
with different jumps.
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The reduction to an elemental Poisson noise is done in the standard
manner, although computability (or possibility of measurement) problem
is involved. While, one must meet a difficulty in constructing the superposi-
tion of continuously many Poisson noises, which are mutually independent.
In reality, the quasi-convergence of the sum (the integral) of them is the
basic method to have a compound Poisson noise. (See e.g. P. Lévy [46].)

3.9 The space (P)

As is mentioned in the last section, it is an interesting and in fact important
problem to have the decomposition of a given compound Poisson process
into individual elemental Poisson processes with different jumps. Con-
versely, the superposition of those elemental Poisson processes is another
profound problem. To deal with those questions it is necessary to provide
a suitable space of random variables and of stochastic processes.

Also, having motivated by many problems in applications and reminded
our original idea of innovation theory, we are going to introduce a new class
of functionals of white noise either of Gaussian or of Poisson type. We also
try to find available tools for the new analysis on the space (P).

Take a probability space (Ω,B, P ) on which a vector space (P) of
complex-valued random variables is given. The topology which is to be
introduced to this space is defined by the convergence in probability. It is
often useful to take a metric d(X,Y ) for X,Y ∈ (P), defined by

d(X,Y ) = E

( |X − Y |
1 + |X − Y |

)
.

This metric, as is well known, defines the same topology as that defined by
convergence in probability.

The following assertion is easily proved, since the mean square con-
vergence defines stronger topology than that defined by convergence in
probability.

Proposition 3.10 The inclusions

(L2) ⊂ (P), (L2
P ) ⊂ (P)

hold and give us continuous injections.

To make the discussion to be more concrete, we sometimes specify the
space (P) to be a collection of random variables which are measurable with
respect to a specified B, say B = B(X),X = {X(C), C ∈ C}.
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Before we study the analysis on the space (P) it seems helpful to remind
useful applications what we have experienced before.

The first is that we have often met problems for which we cannot assume
the existence of their second order moments of random variables involved
there. As we shall see later in Chapter 8, basic components of the innovation
are Gaussian noise and (compound) Poisson noise. In order to decompose
the innovation into elemental noise, we are suggested to appeal to the Lévy–
Itô decomposition of a Lévy process. For this purpose it is necessary to
observe individual sample functions of a Brownian motion and those of a
compound Poisson process. The trick like jump-finding can be controlled
within the framework of neither (L2) nor (L2)P . This remark might be
thought of a fact which is outside of the matter to be attentioned, but not
quite. As soon as we come to computability problem in application, we
meet this problem.

The next example is a method of subordination of a stochastic process.
Roughly speaking it is a random time change of a stochastic process. We
know interesting examples in applications like astrophysics data process-
ing, where a mathematical model is formed by subordination applied to a
standard stochastic process.

The subordination is interesting in itself, and in addition, it provides a
profound operation in functional analysis, being closely related to stochastic
analysis. It is understood to be a kind of analysis outside of (L2) theory.

Another interesting topic is concerned with optimality in terms of sam-
ple functions. For a Brownian motion, its sample function is continuous
and very irregular as is investigated by many ways. It is also interesting to
note intuitively, each sample function, viewed as a trajectory of a Brownian
particle, travels so as to occupy a territory efficiently. As for a Poisson noise
we observed a different kind of optimality in Section 3.3.

Actions, defined by rotations of E, on individual sample function of a
stochastic process or a random field are often efficiently dealt within the
space (P). A good example is the projective invariance of white noise
which is explained by the normalized Brownian bridge. It is known that
the probability distribution of the normalized Brownian bridge is invariant
under the projective transformations of the time parameter. We can say
more precisely the invariance in terms of sample function property in (P).

Now, we can come to the case of random fields. The reversibility of
certain process and field of white noise functionals can be shown. Also, the
reversibility can often be found in Poisson case.
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The analysis of (compound) Poisson functionals, using various opera-
tions acting on them can be dealt within this framework without much
restrictions also in (P).

A stochastic process X(t) and random field X(C) discussed in this sec-
tion are therefore assumed to live in (P) and continuous. The most powerful
tool to analyze them would be the characteristic functional.

(i) For a continuous stochastic process X(t), we have the characteristic
functional

CX(ξ) = E(ei〈X,ξ〉), ξ ∈ E, 〈X, ξ〉 =
∫

X(t)ξ(t)dt.

For the case of Rd-parameter random fields, we have the same expression
as above for characteristic functionals.

(ii) Consider a random field X(C), C being an ovaloid in the plane. The
parameter C is represented by a pair of functions, say (aC(t), bC(t)), and
the discussion is reduced to the case (i) with parameter C.

The Hopf equation is a good example for which the characteristic func-
tional method can be applied efficiently. (See Section 7.8 and [39].)

We take a random field X(C) = X(C, ω), C ∈ C, ω ∈ Ω(P ), and intro-
duce a space (P) of random variables which are functions of X(C)’s. Then,
like X(t), t ∈ Rd, or X(f), parameterized by a function f, can be discussed
similarly, even easily.

Let B(X) be the smallest sigma-field of subsets of Ω, with respect to
which all the X(C)’s are measurable. Let C be topologized by the Euclidean
metric ρ, namely the distance ρ(C, C ′) is defined by

ρ(C, C ′) = max
u∈C,u′∈C′

ρ(u, u′),

with respect to this metric, we assume that X(C) is continuous in
probability.

Given such a random field X(C). We introduce a space (P) or more
precisely denoted by (P)(X), which involves B(X)-measurable, complex
valued random variables. We introduce the limit in probability topology to
the space (P). The X(C) is now viewed as a continuous curve in (P) with
parameter C.

Limit theorems for X(C) are discussed within the framework of (P). Our
most important direction is the variational calculus. This can be established
in the following manner. To avoid non-essential complex description, we
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assume that d = 2. By assumption C can be represented by a smooth,
univalent vector valued function, say f(t) = (f1(t), f2(t)), t ∈ [0, 1].

We can therefore define a characteristic functional CX(ξ), ξ = (ξ1, ξ2) ∈
E×E. Hence, the reproducing kernel Hilbert space H(C) can be defined (see
Appendix 3) so that Hilbert space technique can be used with visualized
expressions.

On the other hand, still in line with the characteristic functional method,
we are given the T -transform of X(C) = X(f), to have a functional
U(ξ, f), ξ ∈ E × E, depending on f . Hence, the theory of (non-random)
functional analysis is ready to be applied. Actual computation of the vari-
ational calculus will be discussed in Chapter 7.



This page intentionally left blank



April 27, 2004 12:46 WSPC/Book Trim Size for 9in x 6in Ch4

Chapter 4

Random Fields

This chapter is devoted to a brief introduction to the general theory of
random fields, which are considered as random evolutional complex sys-
tems that develop as a space-time (or more general) parameter varies. One
can compare this theory with that for ordinary stochastic processes. It is
hard to imagine how the evolution, which is described by a variation of
the random field, presents extremely complex behaviour and shows much
profound probabilistic properties. Concrete and detailed properties will be
shown in the following chapters, but a quick overview will be given in this
chapter.

4.1 Processes and fields as white noise functionals

Some of the foundation of white noise analysis and the basic notions of
random fields as well as a variational calculus, which is the basic tool of
our study, will be provided in this chapter. A white noise W d(u) = W d

(often d is omitted if no confusion occurs), parameterized by u ∈ Rd is
a system of idealized elemental random variable which is stationary in u

and is standard Gaussian in distribution, being introduced in the space E∗

of generalized functions on Rd. Recall that its characteristic functional is
expressed in the form

C(ξ) =
∫

E∗
exp[i〈x, ξ〉]dµ(x)

= exp
[
−1

2
‖ξ‖2

]
, (4.1.1)

where ξ is a member of a nuclear space E, dense in L2(Rd).
The measure space (E∗, µ) is a white noise with Rd parameter and is a

rigorous realization of the W (u). The probability distribution µ is called

55
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the white noise measure. Thus, we are given the complex Hilbert space
(L2) = L2(E∗, µ), a member of which is a functional of white noise, or
simply called white noise functional, expressed in the form like ϕ(x), where
x is a member of E∗ with measure µ. Here, µ-almost all x are sample
functions of W .

Needless to say, in the case d = 1, W 1 is nothing but Ḃ.

We shall discuss, in this chapter, functionals, in general nonlinear func-
tionals of white noise W d, which is often written simply by W or by x to
make the notation simple.

4.2 Random fields X(a) and X(f)

(1) Higher dimensional parameter case

A stochastic process is a random function X(t) indexed by the time param-
eter t and it gains, at each instant t, a new information independent of the
past values, where t is tacitly assumed to be the present time. One of the
generalizations of this notion can be given by a random field X(a), where
a is a vector running through a domain of higher dimensional Euclidean
space or a Riemannian manifold.

We shall begin with a field X(a), a ∈ Rd.
Most important example is the Lévy Brownian motion X(a) = B(a),

a ∈ Rd, the definition of which is given in Section 1.2. This is a natural
generalization of the ordinary Brownian motion B(t), t ∈ R.

Many interesting results have been obtained starting from the book by
P. Lévy 1948 [46]; there are basic results, due to McKean [56] and Chentsov
[4] for the representations. Mckean’s expansion of X(a) is most significant
in our approach.

One is now interested in a generalization of the relation between Brown-
ian motion B(t) and white noise W (t). In one dimensional parameter case,
it is quite simple; W (t) = Ḃ(t). However, in the higher dimensional pa-
rameter case, the situation is quite different. We therefore wish to discover
principles behind this matter. To be concretized, it would be fine if we can
find a representation of Brownian motion in terms of white noise.

H.P. McKean and N.N. Chentsov gave explicit form of the representa-
tion; both are essentially the same. McKean defined the Lévy Brownian
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θ r
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y

Fig. 5. White noise → Lévy Brownian motion (see McKean [56]).

motion as

X(a) = c(d)
∫ ∫

0≤r≤(oa,y)
w(r, θ)dr dθ, y = y(θ) ∈ Sd−1, (4.2.1)

where (·, ·) is the inner product in Rd, o is the origin of Rd, w(r, θ) is a
white noise on (0,∞) × Sd−1, dθ being the surface element of Sd−1 and

c(d)2 = 2(d − 1)
∫ π

2

0
sind−2 θ dθ. (4.2.2)

Proposition 4.1 The system {X(a)} is a Lévy Brownian motion.

For the proof, we can verify the covariance to be Γ(a, b) given in Section 1.2.

Example 4.1 Consider the Lévy Brownian motion in 2-dimensional case.
The formula (4.2.1) gives us

X(a) = c(2)
∫ ∫

S

w(r, θ)dr dθ,

where S denotes the circle with diameter oa.
We can easily see that

E[X(a)2] = ρ(o, a).

Thus, X(a) is a Lévy Brownian motion. (See Section 1.2.)

Remark 4.1 For higher dimensional parameter case, such a representa-
tion can be obtained similarly as above.

Lévy’s Brownian motion is indeed a good representative of random fields
with multi-dimensional parameter in many respects. Not only the Brownian
motion itself but also derived fields and processes are discussed with much
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interest. For instance, the results by one of the authors illustrate a property
of its complex dependence (Si Si [70]).

We need a system of innovations in many directions; either along the
radial directions, or along the smooth curves, or ordered surfaces, and so
forth. Hence, the X(a) has infinite multiplicity along the direction of de-
velopment of a. This is another example of significant characteristics of the
Brownian motion X(a) with multi-dimensional parameter.

Remind the idea of generalizing the innovation or the definition of a
stochastic process. As an immediate consequence, we can consider simple
as well as multiple Markov properties.

It is noted that to get a system of the innovations of the X(a), we need
higher order differential operators in the variable r in the case of odd d,
while if d is even, a fractional order variational operators are required. This
fact reflects the Markov properties of X(a), as it were, of fractional order.

(2) Euclidian free field

Given a functional

Cf (ξ) = exp

[
−1

2

∫ |ξ̂(λ)|2
λ2 + m2 dλ

]
, ξ ∈ E ⊂ L2(Rd), (4.2.3)

where ξ̂ is the Fourier transform of ξ and m > 0 is the mass.
It is easy to see that Cf is written as

Cf (ξ) = exp
[
−1

2
〈ξ,Γξ〉

]
, (4.2.4)

and the operator Γ is (−∆ + m2)−1, for which 〈ξ, Cξ〉 is a positive conti-
nuous nondegenerate bilinear form on E × E.

The Cf (ξ) is a characteristic functional, so that there exists a probability
measure dµf on E∗. In terms of quantum dynamics, the measure space
(E∗, dµf ) is the Euclidean free field.

It is a Gaussian measure space with mean zero and covariance functional
〈ξ,Γξ〉. Hence, there is a Gaussian random field X(ξ) with

E[X(ξ)] = 0, E[X(ξ)X(η)] = 〈ξ,Γη〉 = 〈Γξ, η〉.

More general Euclidean fields together with the relation with Bosonic
quantum fields will be discussed in Section 5.6.
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(3) Random fields X(f)

First we consider the case where f runs through some function space, say
L2(R). Or more specifically, assume that f is a vector in the space l2.
Then, we may write X(f) as X(a), a = (a1, a2, . . . ).

Again, we take a Lévy’s Brownian motion X(a), a ∈ l2, which is a
slight generalization of what we have discussed before. It is defined by the
conditions in the same expressions as in Definition 1.1. The X(a) satisfies
many properties as generalizations of that in Definition 1.1. We now pause
to state one of the crucial difference from the finite dimensional parameter
case; namely it is the deterministic properties (see Lévy [49, 50]).

Theorem 4.1 Let o be fixed arbitrarily. Let X(a) be given in the region
V = {a ∈ l2; r1 ≤ ρ(a, o) ≤ r2}. Then, X(a) is determined for every a ∈ l2

such that ρ(a, o) < r1.

For the proof, we refer to P. Lévy [49].

Related to this surprising fact, it is interesting to observe that deter-
ministic property of a Brownian motion increases as the dimension of the
parameter space increases. For instance, we take the M2p+1(t) process
which is the average of (2p + 1)-dimensional parameter Brownian motion
over a sphere with radius t. As is known, the M2p+1(t) process is historically
interesting example of a Gaussian process which has canonical representa-
tion. It is also known that multiple Markov property or analytic property
increases as p increases. So, the above theorem is not surprising.

We recall that the M2p+1(t) is differentiable in t as many times as p, and
the derivatives have some connection with the variation of X(a). We can
see the deterministic property increases as d increases. As for the M2p(t)
we can discuss in connection with the innovation.

4.3 White noise parameterized by a point of a manifold

Let W (u), u ∈ Rd, be a white noise. Its probability distribution is de-
noted by (E∗,B, µd), where E∗ is the dual space of a sigma-Hilbert nuclear
space E, which is a dense subspace of L2(Rd), and where B is a topological
Borel field which is generated by all open subset of E∗.

Remind that the characteristic functional C(ξ), ξ ∈ E, of W is of the
form

C(ξ) = exp
[
−1

2
‖ξ‖2

]
, ξ ∈ E.
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Let C be an ovaloid and let (C) be a domain enclosed by C. The white
noise with the parameter restricted to (C) can be defined as follows:

Let E(C) be a nuclear space of C∞-functions with supports in (C).
Then, the white noise WC(u), u ∈ (C) can be defined simply as the re-
striction of the parameter u to (C). The probability distribution of WC is
determined by the characteristic functional CC(ξ) which is of the form

CC(ξ) = exp

[
−1

2

∫
(C)

ξ(u)2dσ(u)

]
, (4.3.1)

where dσ is the volume element on (C).
The CC(ξ) is a characteristic functional derived from C(ξ) and it defines

uniquely a probability measure µC on E(C)∗, which is viewed as a marginal
distribution of µd.

Another marginal distribution is introduced by taking the basic nuclear
space to be the set of all C∞-functions on the closure K of the domain (C).
The differentiability on the boundary is understood as that from the inward
direction. The probability distribution µK of white noise WK(u), u ∈ K,

can now be introduced. The characteristic functional of µK is given by

CK(ξ) = exp
[
−1

2

∫
K

ξ(u)2du

]
. (4.3.2)

As soon as we come to the ovaloid C, the discussion becomes somewhat
complicated. An easy part is as follows. Since W d(u) has independent value
at every point u, so are the systems {W d(u), u ∈ (C)} and {W d(u), u ∈
C = K − (C)}, the proof of which comes easily from the observation of the
characteristic functional.

4.4 Random fields parameterized by a manifold C

The study of a random field X(C) with parameter C is our main purpose,
and we are now ready to come to this topic. Our main results will be
illustrated in and after Chapter 5.

We now list the topics to be discussed hereafter, so that a quick overview
can be given.

(1) Background of the classical (non-random) variational calculus will be
touched upon briefly in Appendix, Section A.2.

(2) Some significant classes of random fields. By a random field we
mean a system of random variables on a probability space which are
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parameterized by a member in one of the following spaces:

(i) A higher dimensional topological space, like Rd, Sd, d > 1, or
subdomain of them.

(ii) An infinite dimensional topological vector space, like L2(R),
l2, etc.

(iii) A set C of smooth ovaloids C in a Euclidean space.

The tools from analysis depend on the class of random fields, but the
probabilistic idea in this monograph is basically the same; namely the
innovation approach.

Classes in which we are interested are in order.

(a) Gaussian random fields including particular fields, which are Gaussian
processes. These will be discussed in Chapter 5.

(b) General random fields which are functionals of white noise. Stochastic
processes and random fields of the form X(C) are involved. We apply
the S-transform to get ordinary functionals of ξ ∈ E depending on t or
on C, so that classical functional analysis can be applied.

(c) Stochastic variational equations for X(C). Formulation of the equation
and the existence of solution are discussed.

(d) The variation δX(C) of X(C) for infinitesimal deformations of C is
discussed. Special type of deformations of C is emphasized, namely
conformal transformations of the parameter space. Lie group properties
of those transformations are useful. Applications to quantum dynamics
are also significant.

(e) It is not too much to say that random fields as functionals of Poisson
noise are as important as those of (Gaussian) white noise. Sometimes
fields of Poisson noise can be dealt with in a similar manner to the
Gaussian case, but dissimilarity is also interesting. We shall often dis-
cuss in parallel with these two cases and sometimes separately. Linear
processes (fields) which are mixtures of the two noises, Gaussian and
of Poisson type, present interesting probabilistic meaning.

(f) Random field parameterized by a closed string
Consider a random field X(C) parameterized by a string C (in space).
We assume it is a generalized functional of white noise. Let U(C, ξ) be
the S-transform of X(C) = X(C, x), where x stands for a white noise.
As usual C is assumed to be a smooth ovaloid. An analytic expression
of C is denoted by

C = 	r(s); 	r(s) = (u(s), v(s), w(s)), 0 ≤ s ≤ S,
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where s denotes the arc length and the string is not necessarily closed.
Thus, X(C) has a representation of the form

X(	r(s)) = X(	r(s), x), x : white noise.

Accordingly, S-transform can be expressed in the form

U(	r(s)) = U(u(s), v(s), w(s)) = U(	r(s), ξ),

and it is ready to be analyzed.
This is a special case of (b) and particularly important in the appli-

cation to quantum dynamics. However, the study of such fields has to
wait for another report.

(g) Conditional expectations for the study of the Lévy Brownian motion
X(a), a ∈ Rd.

Let X(C) be a random field parameterized by the smooth convex
contour C in the plane, and assume that it comes from the Lévy Brow-
nian motion.

A good example of such an X(C) is given by the conditional
expectation of a two-dimensional parameter Lévy’s Brownian motion
B(a), a ∈ R2. More precisely, let C be a convex C∞-contour, and let p

be a fixed point inside of C. Define X(C) by the conditional expectation

X(C) = X(C, p) = E(X(p)|X(a), a ∈ C). (4.4.1)

(See Chapter 1.) Concerning this X(C), a generalization of the results
by Si Si [70], 1987, can be given. Also, variational calculus for X(C) can
be discussed. While we are doing so, some profound analytic properties
of B(a) have been discovered.

In general, we discuss conditional expectations like (4.4.1) for general
surfaces or even part of them. There it is noted that if C has
boundary ∂C, then, the expression of the variation of the conditional
expectation exhibits singularities of the kernel function in the integral
of B(a).

It may be thought that the normal derivatives along the surface C

also give a system of random variables, that is a random field. But this
may not be true even in the case of the Lévy Brownian motion, actually
depends on d.

It is anyhow fruitful for the study of a Brownian motion X(a) to
construct various fields and to consider their variations.

(h) Restriction of parameters. This problem will be discussed whenever
it is necessary. There are a few methods to restrict the parameter
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to a subdomain or a lower dimensional space. Restriction to a lower
dimensional ovaloid is indispensable when exact expression of the varia-
tional formula is required. This problem will be solved according to
circumstances.

4.5 Random fields as white noise functionals

In what follows, we have an overview on random fields X(C) that are always
assumed to be functionals (sometimes, generalized functionals) of a white
noise x(u). Namely,

{X(C) = X(C, x); C ∈ C}
where

C = {C; convex, diffeomorphic to Sd−1}. (4.5.1)

Note. For the definition of C, convexity of C is required. The reason for
this requirement will be illustrated when the variation of X(C) is computed,
where the convexity assumption for C guarantees the possibility to define
a white noise with parameter set C.

We further assume that

X(C) ∈ (L2).

Hence, the S-transform can be applied to X(C). Let the S-transform be
denoted by U(C, ξ):

U(C, ξ) = S(X(C))(ξ). (4.5.2)

We are therefore ready to appeal to the classical theory of functional ana-
lysis. If necessary, C may be represented by a vector valued function.

(1) Linear functional of x

In this case, the X(C) is assumed to be expressed in the form

X(C) =
∫

Rd

F (C, u)x(u)dud.

An interesting class involves such integrals as

X(C) =
∫

(C)
F (C, u)x(u)dud,
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where (C) is the domain enclosed by C.

The expression above is called a causal representation of X(C) in terms
of white noise. The term causal comes from the part that, if C is thought
of as present, then x(u), u being inside of C, are past values.

Topics on such random fields X(C) will be discussed in the next chap-
ter. Various interesting properties are found by analogy with the canonical
representation of a Gaussian process X(t).

(2) Nonlinear functionals living in (L2)

By using the Fock space decomposition of (L2), we have, in general, the
decomposition of X(C) = X(C, x):

X(C) =
∞∑
0

Xn(C),

where Xn(C) ∈ Hn, and Xn(C) is a homogeneous chaos of degree n. We
are therefore suggested to take a homogeneous chaos parameterized by C

separately.
Another remark is that a field X(C) extends to a generalized white

noise functional.
Throughout these cases, the idea of the innovation approach is sitting

behind.

4.6 Random fields as Poisson noise functionals

Poisson noise with Rd-parameter has been defined, and random fields as
functionals of Poisson noise are dealt with. If ordinary fields have finite vari-
ance, then the fields in question can be discussed in Hilbert space (L2)P

like Gaussian case. However we often meet the case where we have to an-
alyze without assuming the existence of variance. In such a case a wider
space (P) has been introduced in Section 3.9 for our purpose. Character-
istic functional for a stochastic process is another tool from analysis, and
operations like subordination and jump finding of sample functions can be
discussed. Further, random fields expressed as functionals, either linear or
nonlinear, of Poisson noise are well investigated in this line.
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Gaussian Random Fields

This chapter is devoted to the study of the Gaussian random fields, where
detailed and profound results are stated with special emphasis on their
innovations. We start with the case of a Gaussian process, that is, the case
depending on of one-dimensional parameter t. The canonical representation
theory of a Gaussian process has been established and rather well-known
(see [17]), however we should note that the significance of the representation
theory has been rediscovered not only in stochastic process theory, but also
in quantum dynamics, molecular biology and other fields of applications.

One of the main topics in this chapter is the Markov property of a
random field, which is the most significant notion to express the dependence
on the parameter. The multiple Markov property of a Gaussian process
has been introduced many years ago (see [17]), and the significance of this
notion has now been recognized and one meets the revival of the study of
the random complex system that enjoy the property.

Our interest is in a generalization of the canonical representation theory
for X(t) to a certain class of Gaussian random fields X(C) that are causally
represented in terms of multi-parameter white noise. This theory serves as
a background of the study of the Markov property.

5.1 A review of the canonical representations of Gaussian
processes

Let X(t), t ≥ 0, be a Gaussian process with E[X(t)] = 0. If there is a white
noise Ḃ(t) such that X(t) is expressed in the form

X(t) =
∫ t

0
F (t, u)Ḃ(u)du, (5.1.1)

65
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with a kernel F (t, u) of Volterra type, then the expression is called a repre-
sentation of X(t), more precisely, a causal representation in terms of white
noise. A representation is determined by the pair {F (t, u), Ḃ(u)}, so that
the pair itself is often called the representation of X(t).

To be surprised, the representation is not unique. Before an exact state-
ment on this assertion is given, it is necessary to give a definition of the
equivalence of the representations.

Definition 5.1 Two representations {Fi(t, u), Ḃi(u)}, i = 1, 2, are called
equivalent if and only if for u ≤ t

F1(t, u)2 = F2(t, u)2 a.e. for every t. (5.1.2)

It is easy to see that there are many nonequivalent representations for
every Gaussian process (see [17]). Among others there is a particular one
called the canonical representation.

Definition 5.2 A representation {F (t, u), Ḃ(u)} is called canonical and
F (t, u) is called a canonical kernel if the conditional expectation satisfies
the following condition holds:

E[X(t)|Bs(X)] =
∫ s

0
F (t, u)Ḃ(u)du, s ≤ t. (5.1.3)

Theorem 5.1 The canonical representation is unique up to equivalence
if it exists.

For the proof of this theorem and a kernel criterion for the canonical
representation (canonical kernel) we refer to the literature [17].

The significance of the canonical representation is that various proba-
bilistic properties of a Gaussian process can be expressed by the known
properties of white noise (or Brownian motion) and by the analytic proper-
ties of the kernel function. As for the kernel the stationarity, the multiple
Markov property, the reversibility and others can be expressed in terms of
the function properties of the uniquely determined canonical kernel.

Definition and many of the properties of the representation of Gaussian
random fields are inherited from those of a Gaussian processes X(t). We
shall see this situation in the next section.

5.2 Canonical representations of Gaussian random fields

Let X(C) be a Gaussian random field parameterized by C. In particular,
X(C) is assumed to be a linear function of the white noise x. The class C
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of the family of C is taken to be as follows:

C = {C; C : closed convex surface in Rd, diffeomorphic to Sd−1}. (5.2.1)

The class C is topologized by the Euclidean metric. We sometimes take
a sub-class of C, depending on the subject to be discussed.

A smooth, closed, convex surface is often called ovaloid, which will fre-
quently be used in what follows.

Assume that

(i) X(C) �= 0 a.e. for every C, and E[X(C)] = 0.

(ii) Let Γ(C, C ′) = E[X(C)X(C ′)] be the covariance function of X(C).
Then, Γ(C, C ′), for C > C ′, admits to take variation in the variable C

and Γ(C, C ′) never vanishes.

Our attention will be focussed on the Gaussian random field {X(C);
C ∈ C}, with a causal representation of the form

X(C) =
∫

(C)
F (C, u)x(u)du, (5.2.2)

in terms of the Rd-parameter white noise x(u) and of L2(Rd)-kernel F (C, u)
for every C. As before (C) denotes the domain enclosed by C.

A remark should be given to the term “causal”. Given a surface C, then
its inside is therefore understood to express the past, so that the outside
is the future and C itself is tacitly understood to represent the present.
Hence, the causal representation means that the given field is a function
only of the past values of x. This is a generalization of the causality in the
case of the time parameter only.

The notion of a canonical representation of a Gaussian random field
X(C) can be defined in a similar manner to the case of Gaussian process

FuturePast

Present

Fig. 6. For causality.
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X(t) (see [17]). Accordingly, similar results are obtained, as is expected.
In many of the important cases we are given those fields that have causal
representation in terms of white noise.

Definition 5.3 Let BC′(X) be the smallest sigma field generated by
{X(C), C < C ′}. The notation C < C ′ stands for the relationship that the
domain (C) enclosed by C is included in C ′. The representation (5.2.2) is
called a canonical representation if

E[X(C)|BC′(X)] =
∫

(C′)
F (C, u)x(u)du, (5.2.3)

holds for any pair (C ′, C) with C ′ < C.

Remark 5.1 Sometimes the class of C’s is taken to be a subclass of C.
Even in such a case we can speak of canonical representation. If nothing is
mentioned, C is always assumed to contain all possible C’s.

The equivalence of the representation can be defined in the similar man-
ner to the case of a process. Up to the equivalence we claim

Theorem 5.2 The canonical representation is unique if it exists.

Proof. Take the variance of the conditional expectation, given in (5.2.3).

E
[
E[X(C)|BC′(X)]2

]
=

∫
(C′)

F (C, u)2du, C ′ < C. (5.2.4)

We should note that the variance depends only on the probability distribu-
tion of {X(C)} and is independent of the choice of representation.

More precise observation is as follows. If the representation is not
unique, there are two canonical kernels F and F ∗ and then∫

(C′)
F (C, u)2du =

∫
(C′)

F ∗(C, u)2du

holds for any C ′ < C. Hence we have

F (C, u) = ε(C, u)F ∗(C, u); |ε(C, u)| = 1, (5.2.5)

where ε is a measurable function of u for every C.
By the two kernels F and F ∗, the covariance of (5.2.3) is obtained as

E
[
E[X(C)|BC′′(X)]E[X(C ′)|BC′′(X)]

]
=

∫
(C′′)

F (C, u)F (C ′, u)du,

where C ′′ < C and C ′′ < C ′.
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On the other hand, we obtain

E
{
E[X(C)|BC′′(X)]E[X(C ′)|BC′′(X)]

}
=

∫
(C′′)

F ∗(C, u)F ∗(C ′, u)du

=
∫

(C′′)
F (C, u)F (C ′, u)ε(C, u)ε(C ′, u)du

by (5.2.5).
Similarly for any C ′′′ ∈ C; C ′′′ < C ′, we have∫

(C′′′)
F (C, u)F (C ′, u)du =

∫
(C′′′)

F (C, u)F (C ′, u)ε(C, u)ε(C ′, u)du.

Thus the equality

F (C, u)F (C ′, u) = F (C, u)F (C ′, u)ε(C, u)ε(C ′, u)

holds almost everywhere. We can see that, for u such that
F (C, u) F (C ′, u) �= 0,

ε(C, u)ε(C ′, u) = 1, on (C ′).

Fix C = C0, and determine ε(C0, u)(= ±1) as a function of u. Thus

ε(C ′, u) =
1

ε(C0, u)
= ε(C0, u), ∀C ′.

This means that ε(C, u) is independent of C.

Thus it is proved that F (C, u) is unique up to ±1.

The existence of canonical representation
We assume that a given Gaussian random field X(C), C ∈ C, is centered
and is separable. Let Mt(X) be the subspace of L2(Ω, P ) spanned by all the
X(C) with C < Ct, where Ct is a sphere with radius t. For convenience,
we make Mt(X) to be right continuous, in fact we consider Mt+(X) =
limε→0+ Mt+ε(X), which will be denoted by Mt(X). Obviously Mt(X) is
right continuous in t. Our essential assumption is that the X(C) has no
remote past:

⋂
Mt(X) = {0}.

Associated with Mt(X) is a projection E(t); indeed the family {E(t)} is a
resolution of the identity I in

∨
Mt(X) = M(X).
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Now we can appeal to the Hellinger–Hahn theorem. As a result, we are
given atmost countably many white noises Wn(t). Take a system of spheri-
cal harmonics {Yk(θ)} and define a family of white noises parameterized by
θ for every t. Set, for each t,

W (t, θ) =
∞∑
0

Yk(θ)Wk(t).

A white noise is given by a consistent family {W (u), u = (t, θ)}. Since
{W (u), t ≤ s} has the same information as that of Mt(X), and it is easily
seen that X(C) is expressible as an integral of the form

X(C) =
∫

(C)
F (C, u)W (u)dud,

with a suitable kernel F (C, u). Details will be discussed in the forthcoming
paper by the authors.

Theorem 5.3 Under the assumptions that E(X(C)) = 0, separable and
no remote past, the X(C) with a causal representation has the canonical
representation.

Kernel criterion for canonical representation of Gaussian
random field

Following the kernel criterion for canonical representation of Gaussian pro-
cesses, we can give that of Gaussian random field.

Assume that

(i) X(C) has a causal representation
(ii) there is no open set G such that

∫
G

F (C, u)ϕ(u)du = 0 for any ϕ with
supp{ϕ} ⊂ G.

Theorem 5.4 A random field X(C), satisfying the above assumptions,
has canonical representation if and only if for all (C) ⊂ (C1); C1 being
fixed, ∫

(C)
F (C, u)ϕ(u)du = 0 implies ϕ(u) = 0 a.e. on (C1)

holds.

Proof. Since we are concerned with Gaussian system, E[X(C)|BC′ ] is the
projection of X(C) down to the closed linear space spanned by {X(C ′′);
C ′′ < C ′}.
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By assumption the closed linear space MC′(X), spanned by
{X(C ′′), C ′′ < C ′} is the same as the closed linear subspace MC′(x)
spanned by {x(u); u ∈ (C ′)}.

The reason is that MC0(X) ⊂ MC0(x), in general, since X(C ′′) is a
(linear) function of x(u); u ∈ (C ′′).

If MC0(X) �= MC0(x) then there exist ϕ �= 0 a.e. on a set of positive
measure such that

∫
C0

ϕ(u)x(u)du is orthogonal to X(C ′′); C ′′ < C0. It
contradicts to the assumption. Thus the assertion is proved.

Here we illustrate the canonical and noncanonical properties of a repre-
sentation in the following examples.

Example 5.1 X(C) =
∫
(C) x(u)du, C ∈ C, where C is given by (5.2.1),

is a canonical representation. In fact, it is a martingale (see Section 5.3).

Example 5.2 Consider a random field X(C); C ∈ C0, where C0 is a
family of circles, with the representation

X(C) = X0

∫
(C)

e−kρ(C,u)x(u)ν(u)du,

where ρ denotes the distance, k is a constant and ν is a given continuous
function. We can easily prove that it is a canonical representation.

Indeed, it is the solution of Langevin equation,

δX(C) = −X(C)
∫

C

kδn(s)ds + X0

∫
C

ν(s)x(s)δn(s)ds,

where C ∈ C0.

Example 5.3 Let {CR, R ∈ R} be a family of concentric circles CR with
radius R and with center at the origin. Then

X(C) =
∫

(CR)
(3R − 4|u|)x(u)du

is a noncanonical representation of X(C), since there is a function ϕ(u) =
|u| �= 0 such that

∫
(CR)

(3R − 4|u|)ϕ(|u|)du = 0.

Even in the non-canonical case, we always have the same absolute value
of the kernel on the boundary C, namely the value |F (C, s)|, s ∈ C, is the
same, almost everywhere on C for any representation.
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5.3 Martingale

Under the understanding of past, present and future that are explained in
the last section, we can define the notion of a martingale.

Definition 5.4 Let BC(x) = B{〈x, ξ〉; supp{ξ} ⊂ (C)}. If

(1) E|X(C)| < ∞ and

(2) E[X(C)|BC′(x)] = X(C ′), for any C ′ < C,

then X(C) is called a martingale with respect to BC(x).

Theorem 5.5 If a Gaussian random field Y (C), with mean zero, has
a canonical representation and is a martingale, then there exists a locally
square integrable function g such that

Y (C) =
∫

(C)
g(u)x(u)du. (5.3.1)

Proof. Since Y (C) has a canonical representation in terms of a white noise
x, it is expressed in the form

Y (C) =
∫

(C)
g(C, u)x(u)du. (5.3.2)

Take the conditional expectation E[Y (C)|BC′(x)], C ′ < C. It is equal
to Y (C ′) by the martingale property. On the other hand, the above repre-
sentation (5.3.2) is canonical, so that we have

Y (C ′) =
∫

(C′)
g(C, u)x(u)du.

Thus we have ∫
(C′)

g(C ′, u)x(u)du =
∫

(C′)
g(C, u)x(u)du.

It follows that

g(C ′, u) = g(C, u)

almost everywhere on (C ′). That is, if (C) ⊃ (C ′) then g(C, u) = g(C ′, u)
on (C ′). Thus, the inductive limit of g(C, u) can be written as g(u) and the
restriction of g on (C) is

g(u)|(C) = g(C, u).

The assertion is proved.
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Proposition 5.1 If Y (C) is a martingale, never vanishes for every C

and if Y (C, x) is in the space (S), then BC(x) = BC(Y ).

Proof. Since Y (C) is a martingale, it can be expressed as

Y (C) =
∫

(C)
g(u)x(u)du. (5.3.3)

Hence

E[Y (C)2] =
∫

(C)
g(u)2du �= 0, for every C.

It means that g �= 0 almost everywhere.
Take the variation (refer to Chapter 7) of Y (C):

δY (C) =
∫

C

g(s)δn(s)x(s)ds. (5.3.4)

Let δn vary, then we have {g(s)δn(s)} which is rich enough to determine
{x(s)}. Thus x(s) can be obtained from {Y (C ′), C ′ ≤ C}. It follows that
BC(x) ⊂ BC(Y ). The converse relation is obvious and the assertion is
proved.

5.4 A review of Markov property of Gaussian processes

We are now in a position to define multiple Markov property of Gaussian
random fields X(C). Before doing so, it is necessary to remind the definition
of multiple Markov property of a stochastic process X(t), in fact, to remind
how we have come to this way of defining the properties. We now pause to
explain the story behind the definition.

Some thought on Markov property behind the definition

The simple Markov property is quite well known. A notion of multiple
Markov property should also express the dependence of the random vari-
ables X(t)’s as t runs, in a more general sense than simple Markov property.
Such a generalized notion is naturally to be introduced in connection with
the prediction theory, namely related to the property that shows how the
past and the future are related in a complex manner.

Let t denote the present instant. One may consider how much informa-
tion obtained by the past values of X(s), s ≤ t, is necessary to get the best
predictor of the future value X(t + h), h > 0.
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Theoretically, one can use all the information contained in the observed
data to predict a future value. In a favourable case, finitely many, say as
many as N, random variables formed by the observed values in the past are
necessary and sufficient to get the best prediction of a future value.

To make the situation homogeneous in time, the number N is deter-
mined uniformly in t. How large the N can be is one of the characteristic
of the dependency of the process in question.

The property that the number N is finite will reflect upon the com-
putability of the prediction.

Let N be fixed. Consider a particular case where we need X(tj)’s
as many as N, with tj ’s infinitesimally close to t from the left. In
such a case we may assume that X(t) is differentiable (in the L2(Ω)-
topology or sample function-wise) up to N − 1 times. The function
ϕ(X(t), X ′(t), . . . , X(N−1)(t), t, h) of these members can give the best pre-
diction of a future value X(t+h) of time h > 0 ahead. The random elements
to determine X(t+h) would be X(j)(t), j = 0, 1, . . . , N −1, and innovation.

Now we must note an essential remark. In principle, to define the
dependence, it is not reasonable to assume the differentiability of X(t).
It is therefore quite natural to come to the property that a necessary and
sufficient information for the prediction is obtained by finite number of
Bt(X)-measurable random variables, not necessarily X(j)(t)’s. For further
interpretation we need mathematical formulas.

If we focus our attention on Gaussian processes, everything related to
Markov property is consistently formulated with mathematical rigor. The
multiple Markov Gaussian process has been defined in [17] 1960, and it
satisfies all the requirements that have been requested so far. It is as
follows.

Let X(t), t ∈ T, T being an interval, be a separable Gaussian process
with E[X(t)] = 0.

Definition 5.5 Let X(t), t ∈ [0,∞), with E[X(t)] = 0 be a Gaussian
process. If, for any t0 ≤ t1 < t2 < · · · < tN < tN+1,

(1) E[X(ti)|Bt0(X)], i = 1, 2, . . . , N are linearly independent and if

(2) E[X(ti)|Bt0(X)], i = 1, 2, . . . , N + 1 are linearly dependent,

then X(t) is called N -ple Markov Gaussian process.
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Theorem 5.6 If X(t) is N -ple Markov and if its canonical representation
is given by

X(t) =
∫ t

0
F (t, u)Ḃ(u)du, (5.4.1)

then F (t, u) is a Goursat kernel of the form

F (t, u) =
N∑

i=1

fi(t)gi(u),

where det(fi(tj)) �= 0, for different tj’s, and where gi’s are linearly inde-
pendent in L2([0, t]) for any t > 0.

If in addition, X(t) is assumed to be a stationary process with
E[X(t)] = 0, then the Goursat kernel is a function of t − u, with u ≤ t.

More concretely, we have

Theorem 5.7 If X(t) is N -ple Markov and mean continuous stationary
Gaussian process with no remote past, then it has the canonical represen-
tation with kernel F (t, u) = F (t − u) and the Fourier transform F̂ (λ) of
F (u) is of the form

F̂ (λ) =
Q(iλ)
P (iλ)

,

where P and Q are polynomial and the degree of P is N and that of Q is
less than N .

Note. Proofs of Theorem 5.6 and 5.7 are referred to [17].

As another particular case, X(t) is assumed to be N − 1 times differen-
tiable, and satisfies

N∑
k=0

ak(t)X(k)(t) = Ḃ(t),

where X(N)(t) is understood as a generalized process. More precisely, define
a differential operator

Lt =
N∑

k=0

ak(t)
dk

dtk
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and let L∗
t be the formal adjoint operator of Lt. If the bilinear form 〈L∗

t ξ,X〉
is well defined and if its characteristic functional of LtX(t) is exp[− 1

2‖ξ‖2],
then we may write as above.

Then, X(t) has the canonical representation of the form

X(t) =
∫ t

0
R(t, u)Ḃ(t)dt,

where R(t, u) is the Riemann function for the differential operator Lt.

Note that X(N)(t) is understood to be the right derivative of X(N−1)(t),
so that it is not Bt+(X)-measurable, on the contrary so are X(k)(t),
0 ≤ k ≤ N − 1.

Such a process X(t) is known as an N -ple Markov Gaussian process in
the restricted sense. It is easy to see that the X(t) is N -ple Markov.

Several remarks concerning the Gaussian Markov property are now in
order.

Remark 5.2 The multiple (N -ple) Markov property is often misunder-
stood because of the confusion of necessary condition with sufficient con-
dition. Namely, whenever we take the projection of any future value of
X(t + h), h ≥ 0 to the past which is the closed linear manifold spanned by
X(s), s ≤ t, it is necessary to be N -dimensional, but it is not a sufficient
condition.

Remark 5.3 The canonical kernel may be understood, roughly speaking,
to be a kernel associated to a causally invertible linear operator. Formally,
the inverse operator of the integral operator F of Volterra type exists, let it
be denoted by G(= F−1) which is also of Volterra type, then, we have

(GX)(t) = Ḃ(t).

Hence, Ḃ(t) obtained above is nothing but the innovation of X(t).

Remark 5.4 Related to the dependence, there is a notion of “multiplic-
ity” of a Gaussian process X(t). Suppose the multiplicity of X(t) is M.

Then there are M independent additive Gaussian processes, the increments
of them over the same time interval are independent. It is surprising, but
in a sense natural. An example with higher multiplicity has been given by
M. Hitsuda (see [38]). It is noted that, like multiple Markov property, the
analytic property of the X(t) does not contribute to have higher multiplicity,
but it is used to see the complexity of the given Gaussian processes.
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If one observes the expressions appeared so far, it is natural to consider
a generalization to non-Gaussian processes. Interesting examples are

1. Ḃ(t)dt is replaced by an orthonormal random measure dZ(t), and X(t)
is given by a pair of a non-random kernel F (t, u) and dZ(t):

X(t) =
∫ t

F (t, u)dZ(u).

Assume that dZ(t)
dt is a Poisson noise. Note that, in this case, there

is another way of understanding the above integral, namely, dZ(t) is
viewed as a Stieljes measure defined by a sample function of Poisson
process. Hence, we may consider multiple Markov property in another
way different from Gaussian case.

2. An orthogonal random measure may be taken to be a homogeneous
chaos, that is defined by Wick product : Ḃ(t1) · · · Ḃ(tn) : . It is a multi-
dimensional orthogonal random measure.

5.5 Markov property of Gaussian random fields

As before X(C) is assumed to be expressed in the form (5.2.2).

A. Markov property

The class C is taken to be as before.

Definition 5.6 If a random field X(C) satisfies the equality

P (X(C) ∈ B|BC′(X)) = P (X(C) ∈ B|X(C ′)) (5.5.1)

for every C ≥ C ′, the X(C) is called a Markov field.

In our case, {X(C)} is Gaussian, so that it is sufficient to define the
Markov property by

E[X(C)|BC′(X)] = E[X(C)|X(C ′)], C ′ ≤ C. (5.5.2)

Theorem 5.8 Assume that X(C) �= 0 satisfies the Markov property, then
there exists f �= 0 and Y (C) which is a martingale with respect to BC(Y )
such that

X(C) = f(C)Y (C). (5.5.3)

Proof. Let C ′′ ≤ C ′ ≤ C. Since X(C) satisfies the Markov property, we
have

E[X(C)|BC′(X)] = E[X(C)|X(C ′)].
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Refer to Dirac [7]

C�C�

Fig. 7. Markov property.

Since {X(C), X(C ′)} is Gaussian there is a non-random ψ(C, C ′) �= 0 such
that

E[X(C)|X(C ′)] = ψ(C, C ′)X(C ′), C ′ < C.

Hence

E[X(C)|BC′(X)] = ψ(C, C ′)X(C ′), C ′ < C. (5.5.4)

Take the conditional expectation E[ · |BC′(X)] of both sides of (5.5.4) where
C ′′ < C ′, then

E
[
E[X(C)|BC′(X)]|BC′′(X)

]
= ψ(C, C ′)E[X(C ′)|BC′′(X)].

Thus we have

E[X(C)|BC′′(X)] = ψ(C, C ′)ψ(C ′, C ′′)X(C ′′).

The left hand side is equal to ψ(C, C ′′)X(C ′′). Hence we have

ψ(C, C ′′) = ψ(C, C ′)ψ(C ′, C ′′). (5.5.5)

For C ′ ≥ C, we can define ψ(C ′, C) = 1/ψ(C, C ′), since ψ(C, C ′) �= 0.

Thus, ψ(C, C ′) is defined for every pair (C, C ′) with C ′ < C, and hence

ψ(C, C ′′) =
ψ(C ′, C ′′)
ψ(C ′, C)

. (5.5.6)

For fixed C ′, define f(C) = ψ(C, C ′). Note that this definition depends on
the choice of C ′. However, f(C) can be determined up to constant.
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Define

Y (C) =
X(C)
f(C)

. (5.5.7)

It is easily seen that Y (C) is martingale with respect to BC(Y ). Thus the
assertion is proved.

Corollary 5.1 If Y (C, x) ∈ (S) then Y (C) is a martingale with respect
to BC(X), as well.

B. Multiple Markov property

Definition 5.7 For any choice of Ci’s such that C0 ≤ C1 < · · · < CN <

CN+1, if

i. E[X(Ci)|BC0(X)], i = 1, 2, . . . , N are linearly independent and

ii. E[X(Ci)|BC0(X)], i = 1, 2, . . . , N + 1 are linearly dependent

then X(C) is called N -ple Markov Gaussian random field.

Theorem 5.9 If X(C) is an N -ple Markov and if it has a canonical
representation, then it is of the form

X(C) =
∫

(C)

N∑
1

fi(C)gi(u)x(u)du, (5.5.8)

where the kernel
∑

fi(C)gi(u) is a Goursat kernel, i.e. {fi(C)}, i =
1, . . . , N satisfies

det(fi(Cj)) �= 0, for any N different Cj , (5.5.9)

and {gi(u)}, i = 1, . . . , N, on any (C), are linearly independent in L2-space.

Proof. Let

X(C) =
∫

(C)
F (C, u)x(u)du

be a canonical representation of X(C) where F (C, u) is a canonical kernel.
According to the assumption that, X(C) is an N -ple Markov process,

we can prove that for any Cj with C1 < · · · < CN < C, there exist coeffi-
cients aj(C; C1, . . . , CN ) such that [X(C) − ∑

aj(C; C1, . . . , CN )X(Cj)] is
independent of X(C ′), C ′ ≤ C1.
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Thus we have

∫
(C′)

F (C ′, u)


F (C, u) −

N∑
j=1

aj(C; C1, . . . , CN )F (Cj , u)


 x(u)du = 0.

Since F (C ′, u) is a canonical kernel, we have

F (C, u) =
N∑

k=1

ak(C; C1, . . . , CN )F (Ck, u). (5.5.10)

Take N different {C ′
j} with C ′

1 < · · · < C ′
N , arbitrarily in the class C.

Using the expression of F as is in (5.5.10), we obtain

N∑
j=1

aj(C; C ′
1, . . . , C

′
N )F (C ′

j , u)

=
N∑

j,k=1

ak(C; C1, . . . , CN )aj(Ck; C ′
1, . . . , C

′
N )F (C ′

j , u).

The N -ple Markov property of X(C) implies the linear dependence of
{F (C ′

j , u), j = 1, . . . , N}. Thus we have

N∑
k=1

ak(C; C1, . . . , CN )aj(Ck; C ′
1, . . . , C

′
N ) = aj(C; C ′

1, . . . , C
′
N ), (5.5.11)

for all j.

We can now prove that

det(aj(Ck; C ′
1, . . . , C

′
N )) �= 0, (5.5.12)

since F (Cj , u) =
∑N

k=1 ak(Cj ; C ′
1, . . . , C

′
N )F (C ′

k, u), k = 1, . . . , N are
linearly independent functions. Then (5.5.11) becomes

a(C, C) = a(C, C′)B(C′, C), (5.5.13)

where

a(C, C) = (aj(C; C1, . . . , CN ); j = 1, . . . , N)

and

B(C, C′) =
[
bjk(C1, . . . , CN ; C ′

1, . . . , C
′
N )

]
j,k=1,...,N ′

with det(B(C, C′)) �= 0.
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For any C ′
j ∈ C, j = 1, · · · , N such that C ′

j < Cj ,

a(C, C) = a(C, C′)B(C′, C) = a(C, C′′)B(C′′, C′)B(C′, C),

and

a(C, C) = a(C, C′′)B(C′′, C).

Hence

B(C′′, C′)B(C′, C) = B(C′′, C). (5.5.14)

Let us take fixed Cj ’s and define fC′(C), C′ = (C ′
1, . . . , C

′
N ), by

fC′(C) = a(C, C′)B(C′, C), for C > C ′
N

where C′ is any N -ple (C ′
1, . . . , C

′
N ) such that CN > CN−1 > · · · > C1 >

C ′
N > C ′

N−1 > · · · > C ′
1, thus we can see that fC′′ is an extension of fC′(C)

if C ′
N > C ′

N−1 > · · · > C ′
1 > C ′′

N > C ′′
N−1 > · · · > C ′′

1 .

It shows that there exists a common extension denoted by f(C) =
(f1(C), . . . , fN (C)) for all fC′(C)’s.

We can see, from (5.5.12) and the definition of fC′(C), that fi(C) sat-

isfies (5.5.9).
Fix C0 ∈ C. If C > CN > · · · > C1 > C ′

N > · · · > C ′
1 > C0, then

we have

F (C, u) =
N∑

j=1

aj(C; C1, . . . , CN )F (Cj , u)

= a(C, C)F(C, u)∗

= f(C)B(C′, C)−1F(C, u)∗

= f(C)g(u, C′, C)∗,

where

F(C, u) = (F (C1, u), . . . , F (CN , u)),

F(C, u)∗ denotes the transpose of F(C, u), and

g(u, C′, C) = F(C, u)(B(C′, C)−1)∗.

For C > C ′′
N > · · · > C ′′

1 > C ′′′
N > · · · > C ′′′

1 , we can write

F (C, u) = f(C)g(u, C′′′, C′′)∗,
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so that

f(C)g(u, C′, C)∗ = f(C)g(u, C′′′, C′′)∗,

for C > C ′′
N . Since f satisfies (5.5.9), we have

g(u, C′, C)∗ = g(u, C′′′, C′′)∗.

Thus g(u) = g(u, C′, C) is well defined as a function of u, and

F (C, u) = f(C)g(u)∗ =
N∑

i=1

fi(C)gi(u),

where {gi(u), i = 1, . . . , N} are linearly independent since {F (Cj , u)};
j = 1, . . . , N, are linearly independent. Thus, the theorem is proved.

Corollary 5.2 If X(C) is an N -ple Markov Gaussian random field, then
the covariance function Γ(C, C ′) = E[X(C)X(C ′)] can be expressed in the
form

N∑
i,j=1

fi(C)fj(C ′)hij(C, C ′), (5.5.15)

where the matrix (hij(C, C ′)) is a Gramian, the entries of which are
(gi, gj), 1 ≤ i, j ≤ N, and hij(C, C ′) is a function of a pair {C, C ′}.

Corollary 5.3 If N = 1, then it is (simple) Markov.

5.6 Euclidean free field

Euclidean free field has been discussed with the hope that it turns into a
quantum field under the analytic continuation of the time variable from
imaginary to real.

A Euclidean free field is a random field with parameter space R ×Rd =
Rd+1, where a member of which is denoted by (t, u), t ∈ R, u ∈ Rd, t being
the time variable and u being the space variable.

Let X(t, u) be a random field. If its characteristic functional is expressed
in the form

CΓ(ξ) = E[ei〈x,ξ〉] = exp
[
−1

2
〈ξ,Γξ〉

]
,

where the variable ξ is a member of some nuclear space E which is dense in
L2(Rd+1). The bilinear form 〈ξ,Γξ〉 is assumed to be a positive continuous
bilinear form on E × E.
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By the Bochner Minlos theorem, there exists a unique probability mea-
sure µC on E∗ such that

CΓ(ξ) =
∫

E∗
ei〈x,ξ〉dµC(x)

(see Appendix 1). The measure µC is Gaussian and has a covariance func-
tional Γ(ξ, η) = 〈ξ,Γη〉. We are thus given a random field X((t, u), x), x ∈
E∗, parameterized by a time-space variable (t, u) ∈ Rd+1.

Now it is an interesting question if the field X(t, ω) defines a quantum
field by the so called Wick rotation t → −it or t → it. To answer this
question, it suffices to check the so called Osterwalder–Schrader axioms:

[OS-0.] Analyticity
[OS-1.] Euclidean invariance
[OS-3.] Reflection positivity (T-positivity)
[OS-4.] Ergodicity.

The details of the meaning of these axioms can be found in J. Glimm
and A. Jaffer [13].

The only condition OS-3, Reflection positivity, is crucial. For this pur-
pose, there is an important theorem.

Before stating the theorem, we recall the following definitions.

Definition 5.8 (OS-3) Let θ be the time reflection

θ : θf(u, t) = f(u, −t).

If for any member Y of the algebra generated by the e〈X,ξ〉, ξ ∈ E,

〈θY, Y 〉 =
∫

θY (x)Y (x)dµ ≥ 0,

then we say that X satisfies reflection positivity.

Definition 5.9 A bilinear form Γ on E × E satisfies reflection positivity
if for every ξ ∈ E supported by positive time it holds that

〈θξ, Pξ〉 ≥ 0.

Theorem 5.10 The Gaussian random field X((t, u)) satisfies reflection
positivity if and only if Γ does, with the assumption that Γ commutes with θ.

Proof. Assume that Γ is reflection positive, and set

Mi,j = CΓ(ξi − θξj) = CΓ(ξi)CΓ(ξj) exp[〈θξj , Γξj〉]
is positive so is Nij = eRij .
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Then Mij has positive eigenvalues if and only if Nij = exp[〈θfi, CFj〉]
is a positive matrix. By assumption that Rij = 〈θfi, Cfj〉 is a positive
matrix, follows the positivity of Nij = exp[Rij ]. This proves the theorem.

Now two examples that satisfy the reflection positivity are given in the
following.

Example 5.4 The case R1 (only time parameter).
Let X(t) be a purely non-deterministic stationary Gaussian process. Then,
X(t) satisfies the reflection positivity if its covariance function γ(h) is ex-
pressed in the form

γ(h) =
∫ ∞

0
exp[−|h|λ]dm(λ),

where dm is a positive finite measure. See [83].

Example 5.5 Free Markov field
Consider the free Markov field in Nelson’s sense of mass m on d-dimensional
Euclidean space. There are good literature [60, 61], indeed they are heuris-
tic, to show how to construct quantum fields from such Markov fields.

Remark 5.5 Y. Okabe has extensively developed reflection positivity for
Gaussian processes, see e.g. [64]. After this followed several papers to be
noted.
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Chapter 6

Some Non-Gaussian Random Fields

We now come to the study of non-Gaussian random fields of two different
kinds. One comes from the homogeneous chaos and the other is a functional
of Poisson noise. In both cases the random fields are parameterized by a
member C in a class C; defined as in (5.2.1).

6.1 Fields of homogeneous chaos

First we take a random field expressed as a homogeneous chaos of white
noise x(u), u ∈ R1. To fix the idea let us consider the random field of
homogeneous chaos of degree n. Namely, let X(C), C ∈ C, be given by

X(C) =
∫

(C)
F (C; u1, u2, . . . , un) : x(u1)x(u2) · · ·x(un) : dun, (6.1.1)

where the kernel F (C; u1, u2, . . . , un) is a non-random function of C and
L2(Rn)-function of (u1 · u2, . . . , un) vanishing outside of (C). Such a ker-
nel is called a Volterra kernel. It is a causal representation in terms of
homogeneous chaos.

For notational convenience the kernel is written simply as F (C,u) where
u denotes an n-dimensional vector. The factor : x(u1)x(u2) · · ·x(un) : of
the integrand is the Wick product of x(uj)’s, which may be written, in
response to the notation of the kernel, as : xn⊗ :. Thus, X(C) may be
expressed in the form

X(C) =
∫

(C)
F (C;u) : x⊗n(u) : dun. (6.1.2)

(For the Wick product : :, see Section 2.1.) The canonical property
of the representation of the above representation can be defined in a
similar manner to the case of a Gaussian process by replacing Ḃ(u)du

85
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with : xn⊗(u) : dun. However, to make the matters simple, we give a
definition of the canonical representation by using somewhat different ter-
minology, although essentials are the same.

For a Borel set U ⊂ Rn, set

Z(U) =
∫

U

: x⊗n(u) : dun.

Then, Z(U) defines an orthogonal random measure. For, the additivity in
U is obvious. Also, finitely additive property is obvious. By using orthogo-
nality of Z(U1) and Z(U2) for disjoint U1 and U2, we can prove countable
additivity. This means {dZ(U)} is an orthogonal random measure. With
this understanding the integral (6.1.2) is considered as a stochastic integral
with respect to dZ(u).

Let M(C) be the closed linear subspace of L2(Ω, P ) spanned by the
X(C ′)’s with (C ′) ⊂ (C). The projection operator down to M(C) is de-
noted by PM(C).

Definition 6.1 A representation of a random field X(C) given by the
formula (6.1.2) is called canonical if the equality

PM(C′)X(C) =
∫

(C′)
F (C,u) : xn⊗(u) : dun

holds for any pair {C, C ′} with C ′ < C, and F (C,u) is called a canonical
kernel.

Proposition 6.1 The canonical representation is unique, if it exists.

Proof. The assertion is easily proved, so it is omitted.

Theorem 6.1 A kernel function F (C;u) is a canonical kernel if∫
(C′)

F (C ′,u)ϕ(u)dun = 0 for any C ′ < C

implies

ϕ(u) = 0, a.e. in (C).

The proof is similar to the Gaussian case.

From the result in the paper [33] we can obtain the innovation {x(s), s ∈
C} from δX(C) and the X(C ′)’s with C ′ < C.

As for the general theory of the innovation, we shall discuss in Chapter 8
for general random fields.
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Before closing this section a short note is given. Namely, we now briefly
discuss the prediction theory for X(C). Still it is assumed that X(C) has
the canonical representation with the canonical kernel F (C;u).

First the best linear prediction will be given. For a fixed C let X(C)
be regarded as the present stage. Then, for C ′ with C ′ < C, the X(C ′)
is tacitly understood to be the past value and the X(C ′′) with C ′′ > C

is the future value. Now assume the past values are known. The best
linear predictor X(C ′′|C) for the future value X(C ′′) with C ′′ > C is given
by the projection of X(C ′′) down to the linear space MC(X) spanned by
the X(C ′) with C ′ ≤ C. Let PM be the projection operator down to the
subspace M as before. Then

X(C ′′|C) = PMC(X)X(C ′′). (6.1.3)

Proposition 6.2 Let X(C) be given by (6.1.2) which is canonical. The
best linear predictor is given by

X(C ′′|C) =
∫

(C)
F (C ′′;u) : x⊗n(u) : dun. (6.1.4)

Proof. By using the canonical property of the kernel F (C;u) it is proved
that the linear space MC(X) is equal to the linear space spanned by the
xn⊗(u), u ∈ (C). Hence, holds the equality shown in the theorem.

We now obtain the nonlinear predictor, which is usually called simply
the predictor. In the present case, namely in the case where the random
field is given by the homogeneous chaos that is monomial, the following
theorem can be proved.

Theorem 6.2 The best nonlinear prediction for the field X(C) given by
(6.1.1) is the same as the best linear predictor.

Proof. Under the same situation of the present, past and future, the (best)
nonlinear prediction is the conditional expectation E[X(C ′′)|B(C)], where
B(C) is the sigma-field of events determined by X(C ′), C ′ < C. There
is an important fact; namely, the conditional expectation is a nonlinear
function of the X(C ′) with C ′ < C ′′ (note that no more Gaussian case). It
is therefore a nonlinear predictor in the weak sense.

6.2 Multiple Markov properties of homogeneous
chaos X(C)

The idea of introducing the multiple Markov properties is the same as in
the Gaussian process and Gaussian random field.
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Let X(C) be as in the last section. Since it is a linear functional of
the homogeneous chaos, the multiple Markov property can be defined in
a similar manner to the case of Gaussian process by using the conditional
expectations. To make sure, we give

Definition 6.2 Let X(C) be given by

X(C) =
∫

(C)n

F (C,u) : x⊗n(u) : dun (6.2.1)

with a canonical kernel F . For any choice of Ci’s such that C0 ≤
C1 < · · · < CN < CN+1,

(1) E[X(Ci)|BC0(X)], i = 1, 2, . . . , N, are linearly independent and

(2) E[X(Ci)|BC0(X)], i = 1, 2, . . . , N + 1 are linearly dependent

then, X(C) is said to be N -ple Markov homogeneous chaos random field in
the weak sense.

One can compare this definition with that for X(t) (see Section 5.5) to
recognize a plausibility of the present definition,

Theorem 6.3 If a random field X(C) of homogeneous chaos is N -ple
Markov, then its canonical kernel is a Goursat kernel of order N.

Proof. For proof we only note that the conditional expectation is a non-
linear function of the known values, unlike Gaussian case. For the rest of
the proof we can follow the method given in Section 5.5B.

Corollary 6.1 The predictor of an N -ple Markov random field of homo-
geneous chaos is computable. More precisely, the best predictor is a linear
combination of the random variables obtained from the values of the past.

Here we note that the multiple Markov properties indicate not only the
way of dependence, but also suggest computability of the best predictor by
using finite number of basic vectors.

Remark 6.1 The notion of the canonical kernel can be used for non-
Gaussian case, if a random field or a stochastic process is expressed as an
integral of such a kernel with respect to some random measure (see e.g.
Accardi–Hida–Si Si [2]).
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6.3 The Poisson case

Before we come to a field formed by a Poisson noise, we have to remind the
general innovation Y (t) of a process X(t). One can see that, in favourable
cases, there is an additive process Z(t) such that its derivative Ż(t) is equal
to the Y (t), since the collection {Y (t)} is an independent system. There is
tacitly assumed that, in the system, there is no random function which is
singular in t.

There is the Lévy decomposition of an additive process. If Z(t) has sta-
tionary independent increments, then except trivial component the Z(t)
involves a compound Poisson process and a Brownian motion up to con-
stant. With this remark in mind we proceed to the Poisson case.

After Brownian motion comes another kind of elemental additive process
which is to be the Poisson process denoted by P (t), t ≥ 0. Taking its time
derivative Ṗ (t) we have a Poisson noise as is mentioned in Section 3.1.
More generally, we may consider a compound Poisson noise, however to
make the matters simple, we take just a Poisson noise, in fact the result
in this case can be generalized to the case of compound Poisson case in a
routine manner.

Also, for simplicity, we start with a case of processes, later a genera-
lization to a field will be discussed.

A Poisson noise is a generalized stationary stochastic process with inde-
pendent value at every point. For convenience we may assume that t runs
through the whole real line. In fact, it is easy to define such a noise. The
characteristic functional of the centered Poisson noise is of the form (3.1.2).

There is the associated measure space (E∗, µP ), and the Hilbert space
L2(E∗, µP ) = (L2)P is defined.

Many results of the analysis on (L2)P have been obtained, however most
of them have been studied by analogy with the Gaussian case or its modi-
fications, as far as the construction of the space of generalized functionals.
Here we only note that the (L2)P admits the direct sum decomposition of
the form as in Section 3.1:

(L2)P =
⊕

n

HP,n.

Let P (t) denote a Poisson process as before. The subspace HP,n

is spanned by Poisson noise functionals defined by the product of the
Poisson–Charlier polynomials of degree n as follows. Let p(x; λ) be the
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Poisson distribution with intensity λ > 0:

p(x; λ) =
λx

x!
e−λ, x = 0, 1, 2, . . . .

Then

pn(x; λ) =
λn/2

n
(−1)n ∆np(x; λ)

p(x; λ)
,

where ∆ is the difference operator: ∆f(x) = f(x) − f(x − 1).
The polynomials pn(x; λ), n = 0, 1, 2, . . . , form an orthogonal system in

the following sense:

∞∑
x=0

pn(x; λ)pm(x; λ)p(x; λ) = δn,m.

We take various time interval I with |I| = λ and form a subspace
spanned by the Poisson–Charlier polynomials

∏
nk

(P (Ik)) of degree n =∑
nk in the variables P (Ik)’s, where P (I) = P (b) − P (a) for I = [a, b].

Then we have the subspace Hp,n.

By the way of construction and the orthogonality of the Poisson–
Charlier polynomials it is easy to see the orthogonality of the subspaces
HP,n for different n, where the addition formula of the Poisson–Charlier
polynomials is used.

(
(a + b)n

n!

)1/2

pn(x + y + 1, a + b)

=
n∑

m=0

(
ambn−m

m!(n − m)!

)1/2

pm(x, a)pn−m(y, b). (6.3.1)

Concerning a stochastic process there might occur a misunderstanding
if it is expressed as a functionals of Poisson noise, even in the case of linear
functional. The following example would illustrate this fact.

Let a stochastic process X(t) be given by an integral

X(t) =
∫ t

a

F (t, u)Ṗ (u)du, t ≥ a,

where F (t, u) is continuous in (t, u), with u ≤ t.
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It seems to be simply a linear functional of P (t), however there are two
ways of understanding the meaning of the integral in such a way that

(i) the integral is defined in the Hilbert space by taking Ṗ (t)dt to be a
random measure, and the stochastic integral is defined. Like the ho-
mogeneous chaos, multiple integral can also be defined,

(ii) another integral is understood as a continuous bilinear form of a test
function F (t, ·) and a sample function of Ṗ (t) (the path-wise integral
(see Gel’fand [10], 1955)). This can be done if the kernel is a smooth
function of u over the interval [a, t] since a sample function of Ṗ (t) is
a generalized function of t.

Assume that F (t, t) never vanishes and that it is not a canonical kernel,
that is, it is not a kernel function of an invertible integral operator. Then,
we can claim that for the integral in the first sense X(t) has less information
compared to P (t). Because there is a linear function of P (s), s ≤ t which
is orthogonal to X(s), s ≤ t. On the other hand, if X(t) is defined in the
second sense, and if it is modified to be the right continuous in t, then we
can prove the following proposition. Before a rigorous assertion is stated,
we provide a notation:

Bt(Ṗ ) =
∧
ε>0

∨
supp(ξ)⊃[a,t+ε)

B(Ṗ (ξ)), (6.3.2)

where Ṗ (ξ) = 〈ξ, Ṗ 〉.
Proposition 6.3 Under the assumptions stated above, if the X(t) above
is defined sample function-wise, we have the following equality for sigma-
fields:

Bt(X) = Bt(Ṗ ), t ≥ 0.

Proof. By assumption it is easy to see that X(t) and P (t) share the jump
points, which means that the information is fully transferred from P (t) to
X(t). This proves the equality.

The above argument tells us that we are led to introduce a space (P) of
random variables that comes from separable stochastic processes for which
existence of variance can not be expected. This sounds to be a vague
statement, however we can rigorously define it by using a Lebesgue space
without atoms, and others. There the topology is defined by either the
almost sure convergent or the convergence in probability, and there is no
need to think of mean square topology. On the space (P) filtering and
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prediction for strictly stationary process can naturally be discussed. For
some related idea we may refer to the literatures [17] and [18], where one
can see further profound idea of N. Wiener [93].

It is almost straightforward to come to an introduction to a multi-
dimensional parameter Poisson noise, denoted by {V (u)}, which is a multi-
dimensional parameter generalization of {Ṗ (t)}.

A multi-dimensional, say d-dimensional, parameter Poisson noise
{V (u), u ∈ Rd} is a generalized stochastic process parameterized by Rd

such that its characteristic functional CP (ξ) = E[exp[i〈V, ξ〉], ξ ∈ E is
given by

CP (ξ) = exp
[
λ

∫
Rd

(eiξ(u) − 1)dud

]
, ξ ∈ E. (6.3.3)

The existence is guaranteed by the Bochner–Minlos theorem (see [18])
where E is taken to be a nuclear subspace of L2(Rd).

The probability distribution of V is denoted by µP over (E∗,B), B being
a sigma-field generated by cylinder subsets of E∗. The space (E∗,B, µP )
is viewed as a realization of a d-dimensional Poisson noise, and hence µP

almost all x ∈ E∗ are considered as sample functions of V.

Remind the discussion in Section 3.5 for the idea behind the
construction.

Theorem 6.4 Let a random field X(C) parameterized by a contour C be
given by a stochastic integral

X(C) =
∫

(C)
G(C, u)V (u)du,

where the kernel G(C, u) is continuous in (C, u). Assume that G(C, s) never
vanishes on C for every C. Then, the V (u) is the innovation.

Proof. The variation δX(C) exists and it involves the term∫
C

G(C, s)δn(s)V (s)ds,

where {δn(s)} determines the variation δC of C. Here the same technique
is used as in the case of [57], so that the values V (s), s ∈ C, are determined
by taking various δC’s. This shows that the V (s) is obtained by the X(C)
according to the infinitesimal change of C. Hence V (s) is the innovation.

Here is an important remark. In the Poisson case one can see much
similarity on getting the innovation to the case of a representation of a
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Gaussian process provided the integral discussed just above is defined as
a stochastic integral with respect to a random measure V (u)du or V (s)ds.

However, if one is permitted to use some nonlinear operations acting on
sample functions, it is possible even to form the innovation from a non-
canonical representation.

The situation is the same as in the one-dimensional parameter case.

6.4 Poisson noise functionals

Orthogonal polynomials (in fact, products of them) in Poisson noise
V (u) of degree n span a space of the discrete chaos of degree n, and it
is denoted by HP,n. The space (L2

P ) admits the direct sum decomposition
(see Section 3.1):

(L2)P =
⊕

n

HP,n.

We are now ready to come to a compound Poisson process, which is a
more general innovation, the second order moment may not exist, so that we
have to come to the space (P), defined as a linear space of random variables
measurable with respect to some separable sigma-field. The topology is
defined by the almost sure convergence or by convergence in probability.

Some basic properties of compound Poisson noise have been discussed
in Section 3.8, so that just brief notes will be added.

The Lévy decomposition of an additive process Z(t), t ≥ 0, with which
we are now concerned, is expressed in the form

Z(t) =
∫ (

uPdu(t) − tu

1 + u2 dn(u)
)

+ σB(t),

where Z(t) is assumed to have stationary increments and is continuous in
probability. In the above formula, the variable u stands for the amount of
jump of the component Poisson process, and Pdu(t) is a random measure of
the set of Poisson processes, and where dn(u) is the Lévy measure supported
by (−∞, 0) ∪ (0,∞) such that

∫
u2

1 + u2 dn(u) < ∞.

The decomposition of a compound Poisson process into the elemental
Poisson processes, each of which has different jump, can be carried out in
the space (P) with the use of the quasi-convergence (see [46, Chapter V]).
The tensor product of L2-spaces associated with those elemental Poisson
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processes can be formulated by the well-known theory of Hilbert space.
While, in the space (P), functionals of sample function can be treated.
With this fact in mind we are ready to discuss the analysis acting on sample
functions of a compound Poisson process.

To have a generalization of Theorem 6.4 in the previous section to the
case of compound Poisson noise is not difficult in a formal way without pay-
ing much extra attention. However, we wish to pause at this moment to
consider carefully about how to find a jump point of Z(t) with the height
u chosen in advance. This question, so-to-speak the jump finding prob-
lem, is heavily depending on the computability or measurement problem.
Questions related to this problem shall be discussed in our forth coming
paper.

6.5 Random fields as Poisson noise functionals

(1) A Brownian motion and each Poisson process of the component of a
compound Poisson process seem to be elemental and the two are entirely
different from each other. Indeed, this is true in a sense. On the other
hand, there is another aspect. We know that the inverse function of the
Maximum of a Brownian motion is a stable process, which is a compound
Poisson process (see [46, Chapter VI]). A Poisson process may therefore
come from a Brownian motion in (P). It should be noted that it does
certainly not by the L2 method in the ordinary sense. The same situation
can be seen in the analysis of random fields.

Also, in terms of the probability distribution, it is quite interesting
to note that some generalized (Gaussian) white noise functional has the
same distribution as that of a Poisson white noise (see in Cochran–Kuo–
Sengupta, IDAQP Vol. 1, 1998). There arises a question on how to find
concrete operations (variational calculus may be involved there) acting on
the sample functions of Ḃ(t)’s to have a Poisson noise. We need some
more examples to propose a problem to give a good interpretation to such
phenomena.

(2) In the space (P ) we can emphasize upon the importance of “quasi-
convergence”. This plays similar role to the renormalization in Gaussian
case to observe a generalized functionals in (S)∗. Note that the existence of
variance or any order of moments is not assumed. Such a freedom is more
convenient in the study of random field.

(3) Unlike the Gaussian case, there is only a very poor group of invariance,
the action of which keeps the Poisson noise measure µP invariant. This
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is true for the case a general compound Poisson noise. In fact, the shift
and the reflection with respect to the origin form a group which keeps the
measure in question invariant. So, harmonic analysis arising from this small
group will do not work so effectively, although we can say something because
the shift is very important in many ways. This causes some disadvantages
when we make actual computation of the variation of random fields X(C)
by taking deformations of C using the group acting on the parameter set.

However, if we come to a stable process, then we can see some more
invariance, mostly based on the dilation of the parameter. Such an obser-
vation gives us some naive interpretation on the structure of the associated
measure introduced on the space of generalized functions.
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Chapter 7

Variational Calculus
For Random Fields

A most successful method to analyze random fields indexed by a manifold C

is the variational calculus. We propose an analytic method of the approach
to this topic.

7.1 Generalized white noise functionals and random fields

Random fields which are going to be discussed in this chapter are functionals
of white noise, either Gaussian or of Poisson type.

There are two topics, the significance of which are emphasized; namely
one is the efficient use of the classical theory of variational calculus and
the other is the restriction of the parameter of the white noise. As for
the latter, given a field formed by a functional of multi-parameter noise,
its variation usually involves a functional of a lower dimensional parameter
white noise. Unlike the case for non-random fields, our calculus needs to
consider a restriction of parameter of white noise. How to understand the
restriction of parameter of white noise has been explained in Sections 2.2
and 3.5, however another method that directly connected to the variation
of a random field is illustrated below.

To make the matters simple, we first review the Gaussian case. Let
(E∗, µ) be a white noise with Rd-parameter; E ⊂ L2(Rd) as a background.
The complex Hilbert space (L2) = L2(E∗, µ) is introduced in the usual
manner, and we have the Fock space:

(L2) =
∞⊕
0

Hn.

97
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According to the integral representation or by the S-transform we are
given an isomorphism

Hn
∼= ̂L2(Rnd),

where ̂L2(Rnd) is the subspace of L2(Rnd) involving functions which are
symmetric in the d-dimensional vectors.

Also, in the same manner as in the one-dimensional parameter case,
the space (S)∗ of generalized white noise functionals will be introduced, by
using the second quantization method for the operator

A = −∆d +
∑

u2
j + 1,

where ∆d is the d-dimensional Laplacian operator.
Thus we have a so-called Gel’fand triple:

(S) ⊂ (L2) ⊂ (S)∗.

In the space (S)∗ there is a subspace H−
n which is a natural extension of

the homogeneous chaos Hn subordinated to the extension of (L2) to (S)∗.
Take, in particular, the subspace H−

1 , any member of which is expressed
as a bilinear form 〈x, f〉, where f is in the Sobolev space over Rd of degree
−(d + 1)/2. The same for H−

n .

7.2 Restriction of parameter (continued)

We are now ready to give an interpretation of restriction of the parameter
to a suitable (d − 1)-dimensional manifold C. As C has been specified to
be convex C∞-manifold, so that 〈x, ξ|C〉 makes sense, where ξ|C is such a
generalized function that

〈ξ|C , η〉 =
∫

C

ξ(s)η(s)ds,

where ds is the line element of C. Thus,

CC(ξ) =
∫

E∗
exp[i〈x, ξ|C〉]dµ(x),

which is expressed in the form

CC(ξ|C) = exp
[
−1

2

∫
C

|ξ(s)|2ds

]
.
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Noting that ξ|C is a test function defined on C. This fact follows the choice
of the manifold C. Hence we are given a white noise parameterized by a
point s in C.

Our next question is how to apply the classical theory of functional
analysis to the expression of the variational formula for a random field
X(C) which is assumed to be a linear functional of Gaussian white noise
or of homogeneous chaos, or even of Poisson noise.

So we have to consider all these cases:

(i) Gaussian case
(ii) Homogeneous chaos
(iii) Poisson noise.

As for (i) we have discussed in Section 2.2 and for (iii) detailed con-
sideration has been given in Section 3.5. Only for the case (ii) we need
interpretation and it is as follows.

The random measure defined by the Wick product : x(u1) · · ·x(un) :
can be restricted to a random measure on a surface by taking integrand to
be generalized function which is supported by the surface.

7.3 Variational formula for X(C)

We observe, in this section, the variation of X(C) when C bears an infini-
tesimal deformation.

The parameter C is always assumed to be a member of the class C as
before.

Let X(C) be an (L2)-functional of white noise x(u). Then we can apply
the S-transform to have a functional U(C, ξ). Let ξ be fixed for a moment
and use the simple notation U(C) or S(X(C)).

The variation of X(C) is therefore defined by

δX(C) = S−1δ(S(X(C))(ξ)) = S−1(δU(C)). (7.3.1)

Variational calculus for a random field X(C) can be reduced to that for
the associated U -functionals. The details of the variational calculus for non-
random functionals including functional U(C) are given in the Appendix 2.
Thus, so far as the calculus on (L2) is concerned, we can see that everything
related to the calculus is done by the operations acting on U -functionals.
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Now one may ask the main purpose of the variational calculus for X(C).
The answer is two-fold.

(1) The stochastic variational equation involving the innovation (see the
equation in Section 1.3. for the idea) can characterize the probabilistic
structure of X(C). To solve the equation is an attributive work.

(2) The second one is to obtain the innovation. The relationship with
other notions such as the past values, C etc., is given by the variational
equation.

More concrete description will be seen in the examples which enjoy their
own characteristic meaning.

Particular interest may be seen in the examples where generalized white
noise functionals appear. Singularity is involved in the integral represen-
tation of those functionals. In the similar meaning to that for the non-
random case discussed in Appendix 2, the singularity on the diagonal has
been well justified. Whilst, it has discovered recently that singularity ap-
pearing off-diagonal should have another important meaning corresponding
to the quantum mechanical phenomena.

We start with a simple example to illustrate the idea. Let C be the
system given in Section 5.2 and let Y (C), C ∈ C be defined by

Y (C) =
∫

(C)
g(u)x(u)dud, (7.3.2)

where (C) is the domain enclosed by C, and where g is a continuous func-
tion. Then, it is a Gaussian random field, and we have a causal representa-
tion of a Gaussian random field Y (C) in terms of white noise x(u), u ∈ Rd.

Before we come to the variational equation, we have to prepare some
particular properties which never appear in non-random case. To make the
matters simple, the parameter space is taken to be R2.

An ordinary linear functional X of two-dimensional parameter white
noise is expressed in the form

X =
∫

f(u)x(u)du2,

where f is a square integrable function. The S-transform U(ξ) of X gives us

U(ξ) =
∫

f(u)ξ(u)du2.

Now we may consider the case where f is a generalized function, say
a member of the Sobolev space of order −3/2. Then, X is a generalized
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white noise functional in H−1
1 . In particular, if f represents a curve C,

then we may have f(u, v)δ(v − ψ(u)) locally, as the kernel function of X,
where ψ is a function that determines the curve C. For notation, let it be
denoted by XC . If we are allowed to introduce a term, analogous to the
linear parameter case, a generalized field with independent values at every
C, the above XC , is just fitting for such a field. This can be justified in the
following manner. Take a continuously increasing family C of contours C

and assume that C is homeomorphic to the family of straight lines in the
plane. Then, the assertion in Section 4.2 can be applied to the case of the
consistent family of random fields with independent values at every straight
line. Hence, we can form an innovation for the field for X. Summing up
we can claim the following proposition.

Proposition 7.1 The variation of Y (C) defined by (7.3.2) is expressed
in the form

δY (C) =
∫

C

g(s)x(s)δn(s)ds, (7.3.3)

where ds is the line element over C. The functional derivative is, therefore,
given by

δY (C)
δn

(s) = g(s)x(s), s ∈ C, (7.3.4)

from which the innovation x(s) is obtained.

Proof. Take the S-transform of Y (C) to have U(ξ) =
∫
(C) g(u)ξ(u)dud.

Take the variation and send it back to the functional of x(s) to have δY (C).
The functional derivative of U(ξ) is g(s)ξ(s) which corresponds to g(s)x(s),
an additive Gaussian process X(t) =

∫ t

0 g(s)x(s)ds is defined, where t is
taken to be the arc length of C. Hence, we can form the innovation x(s)
of X(t), which is eventually the innovation of Y (C). Then, it is proved,
as is noted above. Thus the consistent family of innovations {x(s), s ∈ C}
defines the innovation of the whole parameter set. Thus, the assertion is
proved.

Proposition 7.2 Let a functional derivative of Y (C) is given by the
formula (7.3.4), where g is the restriction to C of some continuous function
defined on R2. Then, there exists a solution of (7.3.4) given by (7.3.2). The
solution is uniquely determined with the initial data.

Proof. Let gC be the restriction of g to the domain (C). Then, a stochastic
bilinear form 〈x, gC〉 can be given. It is nothing but the Gaussian random
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field Y (C) expressed in the form (7.3.2). Uniqueness comes from the fact
that if the functional derivative is identically 0, then only a constant field
is acceptable.

The Y (C) discussed above is a random field analogue of an additive
Gaussian process with parameter t or equivalently an analogue of Gaussian
martingale. It is proved that a Gaussian martingale parameterized by C

can be expressed like Y (C) in (7.3.2).
The following example is concerned with a Markov field.
Let a Gaussian random field X(C) be given. Assumed that X(C) has

a causal representation in terms of x(u) and that E(X(C)) = 0. Further
assume that it is a Markov field. Then by Theorem 5.8, there is a function
f(C) such that

X(C) = f(C)Y (C),

where Y (C) is a martingale. Note that our definition of Markov field ex-
cludes the case of 0-ple Markov field.

Theorem 7.1 Let X(C) be a Gaussian Markov field with the expression
X(C) = f(C)Y (C), where Y (C) is a martingale. A Borel measure σ is
uniquely defined by the variance σ((C)) = E(Y (C)2). If the measure σ is
absolutely continuous with respect to the Lebesgue measure, then

(1) the innovation x(u) of X(C) can be formed, and
(2) the canonical representation of X(C) is expressed in terms of the in-

novation x(u) in the form

X(C) = f(C)
∫

(C)
g(u)x(u)dud.

Proof. Note that the Markov property implies that f(C) �= 0. It is easy to
see that the measure σ is uniquely defined. Since the measure σ is assumed
to be absolutely continuous with respect to the Lebesgue measure, one can
find a function h such that

σ(B) =
∫

B

h(u)dud,

and h never vanishes on any Borel set B of positive Lebesgue measure, in
particular for every (C).

On the other hand, the variation δY (C) =
∫

C
g(s)δn(s)x(s)ds gives

g(s)x(s), sine δn can be chosen arbitrary. But we know g(s) never vanishes
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since g(s)2 = h(s) which never vanishes almost everywhere. The rest of the
proof is now obvious.

7.4 Variational equation

Let C be represented by a C∞-function η. Then variation of η defines that
of C. In what follows ξ is omitted, since it is arbitrary and it is fixed. So we
consider the variational equation in the case where δU can be written as

δU(η) =
∫

C

f(η, U, s)δη(s)ds, (7.4.1)

where f(η, U, s) is continuous in three variables, satisfying the Lipshitz
condition in U and has Fréchet derivative in η in the C∞(Sn−1)-topology
and has partial derivative in U. The equation of the form (7.4.1) is called a
Volterra form. Assume that the Fréchet derivative and the partial derivative
are continuous in all variables.

Thus the Fréchet derivative is given by

δU(η)
δη(s)

= f(η, U, s). (7.4.2)

P. Lévy has given the integrability condition formally as

δδ1U = δ1δU. (7.4.3)

We now give the rephrasement of the above integrability condition in
an explicit form as is expressed in the following theorem, assuming ana-
lytic conditions on f as above. Existence of the solution to (7.4.1) will be
discussed in the next section.

Theorem 7.2 The integrability condition for the variational equation is
given by

δf(η, U, s)
δη(t)

+
∂f(η, U, s)

∂U
f(η, U, t) =

δf(η, U, t)
δη(s)

+
∂f(η, U, t)

∂U
f(η, U, s).

(7.4.4)

Proof. According to the general integrability condition for the equation
(7.4.1), we must have

δ

δη(t)
δU(η)
δη(s)

=
δ

δη(s)
δU(η)
δη(t)

(7.4.5)
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in terms of Fréchet derivative (see [47] 2éme Part.). By noting that δU
δη(s)

is a function of the variable η(t) and U (which is a function of η(t)’s), the
left hand side of the above equation gives

δf(η, U, s)
δη(t)

+
∂f(η, U, s)

∂U
f(η, U, t)

and the right hand side of the above equation gives

δf(η, U, t)
δη(s)

+
∂f(η, U, t)

∂U
f(η, U, s).

Thus we have proved the assertion.

Remark 7.1 The formula (7.4.4) does not depend on the choice of ana-
lytic expression of C in terms of η.

Corollary 7.1 If f is independent of η, then the equation (7.4.2) can be
rephrased by

f(U, s) = g(U)h(s). (7.4.6)

Note. The f, in Corollary 7.1, satisfies (7.4.4) and the integrability condi-
tion holds.

Example 7.1 Consider a variational equation

δU(η) = U

∫ 2π

0

∫ 2π

0
2F (u, s)η(u)δη(s)du ds.

Then

δU(η)
δη(s)

= f(η, U, s) = U

∫ 2π

0
2F (u, s)η(u)ds.

It can be easily verified that f satisfies the integrability condition, provided
F is symmetric. Actually the solution is

U(η) = exp
[∫ 2π

0

∫ 2π

0
F (u, v)η(u)η(v)du dv

]
.

Example 7.2 Consider a variational equation

δU(η) = U

∫ ∞

0
2g(t)η(t)δη(t)dt.

Thus

f(η, U, s) = 2g(s)η(s)U.
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It is easy to see that this f satisfies the integrability condition. The solution
is the Gauss kernel, namely

U(η) = exp
[∫

g(t)η(t)2dt

]
.

Example 7.3 Set

δU(η)
δη(s)

= f(η, U, s) =
∫ s

0
η(u)du; 0 < s < 2π,

then the equation fails to satisfy the integrability condition. Thus there
is no solution to the variational equation (7.4.1) with the f given in this
example.

Example 7.4 Consider the Tomonaga–Schwinger equation

i
δΨ(C)
δCs

= Hs(C)Ψ(C),

where Hs(C) is an operator and Ψ stands for the wave field depending on
the surface C. We may formulate the equation in the white noise frame work
by taking Ψ(C) = X(C). Having applied S-transform technique and others,
we are finally led to see the integrability conditions yields the Tomonaga’s
integrability condition

δHs(C)
δCt

− δHt(C)
δCs

= i[Hs(C)Ht(C)].

Indeed, this is a guiding equation, although we should study much con-
cerning mathematical questions. It is noted that this equation was one of
the motivations of our study on random field. For details, see Section 10.7.

7.5 Existence theorem for a variational equation

Our aim, remind again, is to establish the variational equation for a random
field X(C), and to discuss the solution to the variational equation. We are
mainly interested in the random field which are functional of white noise or
Poisson noise. There the S-transform or U -transform, respectively, carries
X(C) to a functional U(C, ξ) of ξ ∈ E, so that our problem turns into the
variational calculus for non-random functionals with variable C, where C

runs through the class C.

The variation of U(C) is defined in the following way. Let C be the
closed domain enclosed by the ovaloid C, and let C < C ′ mean (C) ⊂ (C ′).
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An infinitesimal deformation of C now means that C expands a little bit
outward to have C + δC. The distance ρ(C, C + δC) from C to C + δC is
measured by sups δn(s), where δn(s) is the distance along the normal from
a point a(s) ∈ C to C+δC, s being the parameter of C. This is in agreement
with the topology introduced to C by using the Euclidean metric.

Now assume that U satisfies

U(C + δC) − U(C) = δU(C) + o(ρ),

where ρ = ρ(C, C + δC), and where δU(C) is a continuous linear functional
in some neighbourhood (in the ρ-topology ) of C.

By assumption we are given a Volterra form of δU(C). Namely, it is
expressed in the form

δU(C) =
∫

C

U ′(C, s)δn(s)ds. (7.5.1)

The (d−1)-dimensional parameter s for a representation of C is taken to
be that is determined by the Euclidean metric in Rd, and ds is the surface
element over C.

The kernel function U ′(C, s) is the derivative of U(C) in the variable C.
If U ′(C, s) is an image of some generalized white noise functional under S,
then (S−1U ′(C, s))(x) is the functional derivative of X(C), and is denoted
by δX(C)

δC (s).

We now come to the solution of a stochastic variational equation of the
form (7.5.1) when U ′(C, s) is given with initial conditions.

By our usual method, we rewrite it having applied the S-transform.
Hence we have a variational equation of the form

δU(C) =
∫

C

f(C, U, s)δn(s)ds, (7.5.2)

where C may be replaced by a function that represents the ovaloid C.

Consider the particular case where C is diffeomorphic to a unit circle
S1, so that U(C) can be expressed as a function of ξ, U and t:

U(C) = U(ξ, U, t), ξ ∈ E, t ∈ I = [0, 1],

where E being a nuclear subspace of L2(I).
Hence the variational equation (7.5.2) may be expressed in the form

δU =
∫

I

f(ξ, U, τ)δξ(τ)dτ. (7.5.3)
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Having been suggested by P. Lévy [47], we now discuss how to solve this
equation with the initial condition U0 = U(ξ0). For a rigourous argument,
several assumptions are recommended such as (A.1), (A.2) and (A.3):

(A.1) f(ξ, U, s) is continuous in the three variables (ξ, U, s) ∈ E ×R × I

and satisfies the integrability condition,

(A.2) In some neighbourhood of U0, e.g. |U − U0| < C, |V − U0| < C,

there exist constants M and K such that

(i)
∫

I
f(ξ, U, s)2ds < M2,

(ii)
∫

I
[f(ξ, U, s) − f(ξ, V, s)]2 ds < K2(U − V )2.

First, we discuss the existence of the solution with variable ξ running
through an arrow, so that we can write

(A.3) ξ = ξ0 + λη, ‖η‖ = 1, λ ≥ 0, where ‖ ‖ is the L2(I)-norm.

Theorem 7.3 Under the assumptions (A.1) ∼ (A.3), the solution of the
variational equation (7.5.3) exists and unique.

Proof. Set ϕ0 = U0. Define ϕp(λ) by induction

ϕp(λ) − ϕ0(λ) =
∫ λ

0
dν

∫
I

f(ξ0 + νη, ϕp−1(ν), s)η(s)ds. (7.5.4)

Then, we have

ϕp(λ) − ϕp−1(λ)

=
∫ λ

0
dν

∫
I

(f(ξ0 + νη, ϕp−1(ν), s) − f(ξ0 + νη, ϕp−2(ν), s))η(s)ds.

(7.5.5)

Assume that

|ϕi(ν) − ϕ0(ν)| < C, i = 1, 2, . . . , p − 1; ν < λ. (7.5.6)

Then, by (A.2)(ii),

ϕp(λ) − ϕp−1(λ) <

∫ λ

0
K|ϕp−1(ν) − ϕp−2(ν)|dν. (7.5.7)

This proves successively

|ϕ1(λ) − ϕ0(λ)| < Mλ

|ϕi(λ) − ϕi−1(λ)| < Ki−1M
λi

i!
, i = 2, . . . , p,
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so that

|ϕp(λ) − ϕ0(λ)| <
M

K

p∑
i=1

Kiλi

i!
≤ M

K
(ekλ − 1).

The λ can be chosen small enough to hold M
K (ekλ − 1) < C, and hence

(7.5.6) holds for every p. Applying (7.5.7) successively, we have

|ϕp(λ) − ϕp−1(λ)| < Kp−1M
λp

p!
.

Thus, the series of
∑

p(ϕp(λ) − ϕp−1(λ)) converges, which implies the
existence of the limp→∞ ϕp(λ) uniformly in λ ∈ [0, ε].

Coming back to (7.5.4), we finally come to (7.5.3) by taking the right
derivative in the variable λ at λ = 0 and by noting ϕ0(λ) is constant.

Note that the computation for the proof are uniformly in η, that is inde-
pendent of the direction of change of ξ. Hence the existence has been proved.

As for the uniqueness we can prove by using the assumption (ii) of (A.2).

So far, we have discussed classical theory of variations for non-random
fields. To apply the results to stochastic variational calculus, we have to
apply transformations S and S−1 before and after the theory discussed in
this section.

If a random field is given in the form X(ξ), then applying the
S-transform to have U(ξ), so that we are ready to come to the varia-
tional calculus discussed above. If the given random field is of the form
X(C), then we let C be represented by a vector-valued function. Slight
generalization is possible by using the results obtained so far.

When the solution of the (non-stochastic) variational equation is ob-
tained, it is necessary to check the Potthoff–Streit criterion (see Section 2.1)
to find if the solution is a U -functional.

Finally, we have to check that our theory is independent of the choice
of a vector-valued function. In fact, this can be done easily.

Summing up those steps, we come to the complete theory of stochastic
variational equations.

7.6 A generalization of the Ito formula for Gaussian
random fields

We shall be concerned with a random field which is a function of a Gaussian
Markov field or with a field of homogeneous chaos, which is Markov in the
sense of Section 6.2.
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Now take a Gaussian Markov field X(C). By Theorem 5.8, it is
expressed in the form X(C) = f(C)Y (C), where f(C) is non-random and
Y (C) is a martingale. So we are concerned with the martingale Y (C) to
establish Ito formula.

Let Y (C) be a Gaussian martingale with respect to the σ-fields BC(Y )
such that Y (C) �= 0 for every C. Then, as was seen before, the Y (C) is
expressed in the form, with a suitable choice of g(u),

Y (C) =
∫

(C)
g(u)x(u)dud,

and its variance is

σ2 = σ((C)) =
∫

(C)
g(u)2dud.

Define

Z(C) = Hn(Y (C); σ2),

where Hn(x; σ2) is the Hermite polynomial with parameter σ2.

Proposition 7.3 The variational equation for Z(C) is given by

δZ(C) = Hn−1(Y (C); σ2)
∫

C

g(s)x(s)δn(s)ds.

Proof. Take the S-transform of Z(C), then we have the U -functional

U(C, ξ) =
1
n!

∫
(C)n

gn⊗(u)ξ⊗n(u)dun,

where u = (u1, u2, . . . , un). Its variation is

δU(C, ξ) =
1

(n − 1)!

∫
(C)n−1

g(n−1)⊗(u′)ξ⊗(n−1)(u′)dun−1

×
∫

C

g(s)ξ(s)δn(s)ds,

where u′ = (u1, u2, . . . , un−1). Applying the S−1-transform, the required
result is obtained.

Remark 7.2 Such a simpler formula is obtained because of the favourable
property of Hermite polynomial.

We now consider a variation of a smooth (L2)-functional F (X(C)) of a
Gaussian Markov random field X(C). Since X(C) is Markov, it is expressed
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in the form X(C) = f(C)Y (C) was noted before. Hence there exists a
B(X)-measurable (L2)-functional G such that

F (X(C)) = G(C, Y (C)).

Since it is a (nonlinear) function of a Gaussian variable Y (C), we have
an expansion in terms of the Hermite polynomials in Y (C):

G(C, Y (C)) =
∑

ak(C)Hk(Y (C); σ2).

Theorem 7.4 Assume that

∑ [(
∂ak(C)

∂n
(s)δn(s)ds

)2

+ a2
k+1

]
σ2

k

k!

converges. Then we have

δF (X(C)) =
∑ (∫

C

∂ak

∂n
(s)δn(s)ds

)
Hk(Y (C); σ2)

+
∑

ak(C)Hk−1(Y (C); σ2)
∫

C

f(s)x(s)δn(s)ds.

The proof is given in a usual manner.

7.7 The Poisson case

The Poisson noise is another basic elemental generalized stochastic process
with independent values at every t. The characteristic functional CP (ξ)
of Poisson noise Ṗ (t) is given by (3.1.1) and it is modified to the centered
version expressed by (3.1.2).

The Hilbert space formed by complex valued functionals of Ṗ (t)’s with
finite variance will be denoted by (L2)P . The analysis on this Hilbert space
can be proceeded in a similar manner to the Gaussian case. So, we do not
go into details, since the similarity is not so interesting.

We then come to a multi-parameter (say, d-dimensional parameter)
Poisson noise, denoted by V (u), u ∈ Rd. The characteristic functional is
of the same form in expression as in the one dimensional parameter case.

CP (ξ) = exp
[
λ

∫
Rd

(eiξ(t) − 1)dt

]
, ξ ∈ E,
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from which one can see a sample function x(u) (the notation Ṗ (u) is not fit-
ting in the Rd-parameter case) involves randomly arranged delta functions
only. The CP (ξ) determines a probability measure νP on E∗.

The innovation problem for a random field X(C):

X(C) =
∫

(C)
f(C, u)x(u)dun

admits the variation

δX(C) =
∫

C

f(C, s)x(s)δn(s)ds +
∫

(C)×C

δf(C, u)(s)x(u)δn(s)dudds.

Now, the innovation x(s), s ∈ C, of X(C) can be obtained in the similar
manner to the Gaussian case, having assumed that the integral defining the
X(C) is a stochastic integral with respect to the random measure x(u)dud.

On the other hand, as a generalization of the definition of the integral
to be a continuous linear functional explained in Section 6.3, the path-wise
integral can be defined, although it is still expressed in the same notation,
if the kernel function f(C, u) is a smooth function of u for every C.

One may wonder if the following observation has any contradiction.
That is, the sample function of the innovation x(s), s ∈ C, is a ran-
dom sequence of delta-functions sitting on C, whilst it is to be obtained
by restricting the parameter u ∈ Rd of the original innovation to the
manifold C, and it is also a random sequence of delta-functions. Note that
the original Poisson noise is not simply a sum of random delta-functions on
C. The reader reminds the discussion given in Section 2.6.

Interesting observation of Poisson noise with Rd-parameter is given by
taking a Poisson sheet. It is the Poisson functional X(t) = 〈x, χI(t)〉 =
〈V, χI(t)〉 is defined as a stochastic bilinear form like in Gaussian case, where
I(t) =

∏d
j=1[0, tj ], t = (t1, . . . , td); and where x ∈ E∗(νp).

Suppose X(1) = n,1 = (1, . . . , 1). Then, the jump points of X(t) in
the interval correspond to the δ-functions of V (t). The positions where they
are sitting are random. Note that between the two nearest neighbour delta
functions in some coordinate direction, there is an exponential distribution.
However, if we assume that only n delta-functions are there and they are
distributed randomly, then we claim

Proposition 7.4 The distribution of any fixed coordinate of n random
delta-functions is uniform on the simplex u1 + u2 + · · · + ud = n, ui ≥ 0,
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which is compact and is a part of the hyper-plane in Rd. Those d coordinates
are mutually independent.

Proof. The partial derivative of the Poisson sheet in one of the variables
gives a delta-function and we have such delta-functions as many as n, un-
der the restriction that the sum of their intervals is equal to 1. Then, it
is easy to see that they are uniformly distributed over the n-dimensional
simplex. Then, such an observation is made for each derivation to come to
the conclusion. The rest of the assertion is obvious.

By using X(t), we can easily restrict the parameter to a lower dimen-
sional set.

7.8 Characteristic functionals

We now discuss characteristic functionals of random fields with multi-
dimensional parameter. The space where general random fields in question
are living is the space (P) for which existence of variance is not assumed. In
such a case, we often use the characteristic functional which includes all the
information on the probability distributions of the random field. Indeed,
the characteristic functional will never face fundamental limits to play their
roles.

The information source of those random fields to be discussed is
generally assumed to be white noise (that is Gaussian, Poisson, compound
Poisson or mixture). We then assume that if a sample function is observed
its characteristic functional can be obtained theoretically from the observed
sample function (path).

There are several significant cases where the characterization of the
random field is given by the functional properties of its characteristic func-
tionals. They can be seen in the following.

(1) White noise

Assume that the associated measure is (infinite dimensional) rotation in-
variant and is ergodic, then the characteristic functional should be of
the form

C(ξ) = exp
[
−σ2

2
‖ξ‖2

]
,

that is a Gaussian measure or a trivial measure (σ2 = 0). (See, e.g. [18,
Section 5.6].)
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(2) Poisson case

The characteristic functional is, as we have seen before, of the form

CP (ξ) = exp
[
λ

∫
Rd

(eiξ(t) − 1)dt

]
.

A characterization in the case d = 1 was given in Section 3.2 in terms of a
functional equation.

Some invariance of the distribution of delta functions which are con-
sisted in the sample function of Poisson noise has also been discovered.

(3) The Hopf equation (See [39].)

Consider a liquid running on a region R with boundary ∂R. The velocity
field is defined by

ut = ut(x) = u(x, t), ut ∈ R3, x ∈ R + ∂R, t ≥ 0,

u0 = u, T tu = ut,

where {Tt, t ∈ R} is a flow on the velocity field Ω. The field is solenoidal,
that is

div u = 0.

The equation that governs the flow of the liquid is

uj,k + ukuj,k = −pj + µuj,k.

Let P be the phase distribution on Ω and define P t by

P t(B) = P (T−tB), B ⊂ Ω.

The {P t} determines the dynamical system. The characteristic functional Φ
of this phase distribution is given by

Φ(ξ, t) =
∫

Ω
exp[i〈ξ, u〉]P t(du).

Then we have

∂Φ
∂t

=
∫

R

ξj(x)
[
i

∂

∂xk

∂2Φ
∂ξk(x)dx∂ξj(x)dx

+ µ∆x
∂Φ

∂ξj(x)dx
− ∂Π

∂xj

]
dx,

where Π is determined by the boundary conditions and others and where
we apply the summation rule in the pair of the same indices.
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To solve this equation, there have been many attempts and met difficulty
when the Φ is expanded into Taylor series in terms of monomials in ξ. There
appears a singularity, which we have met in the case of generalized white
noise functionals. There is a hope that the same idea to manage such
singularity is applicable.

(4) A stochastic process of mixed type

X(t) = ϕ(t, Ḃ) + ψ(t, Ṗ ).

The analytic expression of the characteristic functional can be factorized
into the two components. Gaussian part corresponds to a polynomial in ξ,
while Poisson part involves the functional eiξ.

To discuss the innovation of X(t) the martingale theory (Meyer decom-
position) can effectively be used. (See [2].)

If ϕ and ψ are linear, that is, if X(t) is a linear process, we will discuss
in more details in Section 8.4. Further, it is known that the characteristic
functional of X(t) determines its probabilistic structure. (See [94] and the
forth coming paper by the same author.)

(5) Random field X(C)

Let X(C) = X(C, x), C ∈ C, be a random field, where x is a Rd-parameter
white noise.

Define a characteristic function

ϕ(C1,... ,Cn)(z1, . . . , zn) = E
[
ei

∑
zjX(Cj)

]
(7.8.1)

where z = (z1, . . . , zn) ∈ Rn. Then we have a consistent family of probabil-
ity measures on (RC,BC), where BC is the σ-field generated by cylinder
subsets of RC. We can apply the Kolomogorov extension theorem which
guarantees the existence of probability measure ν on (RC,BC).

Let T
(j)
t , j = 1, 2, . . . , d, be the flows defined by the shifts Sj

t of Rd,

under which white noise is invariant.
The X(C) is said to be the T j

t stationary if {X(C, T j
t x), C ∈ C} and

{X(Sj
t C, x)} have the same probability distribution. Namely,

T j
t ν = ν, for every t. (7.8.2)

Let Z(C) be a real-valued function and let m be a σ-finite measure on
C. Assume that ∫

Z(C)X(C)dm(C)
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is defined and is continuous in C. Then we define the characteristic func-
tional CX(Z) of X(C).

We are now going to establish a generalization of the Bochner–Minlos
theorem to show a one to one correspondence

CX(Z) ↔ ν.

To this end we prepare some background.
Let E = {Z(C), C ∈ C} be a collection of Z(C) which is differentiable

in C infinitely many times. Here, derivative means the Fréchet derivative.
Z ′(C, s) is the the derivative if δZ(C) is expressed in the form

δZ =
∫

C

Z ′(C, s)δn(s)ds. (7.8.3)

We assume that Z ′(C, s) is continuous in (C, s) and∫ ∫
C

|Z ′(C, s)|2dm(C)ds < ∞. (7.8.4)

In the same manner, the higher order derivative are defined, and we
claim

‖Z(C)‖2
n =

∫
· · ·

∫
C×Cn

|Z(n)(C, s1, . . . , sn)|2dm(C)ds1 · · · dsn < ∞.

The seminorms ‖ ‖n, n ≥ 0, define the topology for E, and it is proved
that E with this topology is a nuclear space.

Theorem 7.5 The functional CX(Z), Z ∈ E, is positive definite. Hence,
there exists a probability measure ν such that

CX(Z) =
∫

ei〈Z,x〉dν(x), (7.8.5)

where x stands for a sample function of a random field parameterized
by C ∈ C.
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Chapter 8

Innovation Approach

8.1 Concept of innovation

This chapter continues to occupy the central part of what we are going to
explain in this book. We shall start with some motivation on the innovation
approach.

The original intention of our white noise theory is the investigation of
evolutional random complex systems under a general set up. Typical ex-
amples of such a system are stochastic processes X(t), t ∈ R, random fields
X(C) parameterized by a contour or a surface C and their generalizations.
We are particularly interested in random fields X(C), C being a contour.
The basic idea of the analysis of the system is the use of the innovation.
With this idea functionals of general innovation will appear in order to ex-
press the given system X(C) in terms of the innovation, and the general
theory of the functional analysis can analyze those functionals. Thus, we
are naturally requested to construct the innovations of the given random
complex systems.

Now let us first recall again the notion of innovation for a stochastic
process X(t). P. Lévy introduced in 1953 (see [48]) the so called stochastic
infinitesimal equation expressed in the form

δX(t) = Φ(X(s), s ≤ t, Y (t), t, dt), (8.1.1)

as was illustrated in Chapter 1. See also P. Lévy [45] for the discrete
parameter case.

It is requested that the Y (t) (scalar or vector valued idealized random
variable) contains as much information as the X(t) gains during the infinite-
simal time interval [t, t + dt). So far we have considered the notion of the

117
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innovation in an intuitive level. A mathematically rigorous definition is
now given below. It would also be mathematically satisfactory.

Definition 8.1 The system {Y (t)} is the innovation of a stochastic pro-
cess {X(t)} if the following conditions are satisfied.

1. It is a generalized stochastic process with independent values at every
moment,

2. Y (ξ) = 〈Y, ξ〉 is measurable with respect to Bt+(X) where t is the
supremum of the supp(ξ), the support of ξ, and independent of Bs−(X),
where s is the infimum of the supp(ξ),

3. It holds that

Bt−(X)
∨ ( ∧

t∈supp(ξ)
B(Y (ξ))

)
=

∧
ε>0

Bt+ε(X).

Remark 8.1 The Y (t) can be a random vector (finite or infinite dimen-
sional) or a linear combination of different generalized processes provided
that components can locally be separated by probabilistic method, as we can
see in what follows. The situation is the same in the case of random fields.

Once the innovation is obtained we expect that the given process X(t)
could be expressed as a function of the Y (t)’s. It should be emphasized that
the Y (t)’s can be taken to be the variables of the function that represents
the given phenomenon. If this is realized, we shall be ready to analyze the
given stochastic process.

A possible generalization of the stochastic infinitesimal equation for a
random field X(C) depending on a contour (or a loop) C may be, as was
briefly explained in Chapter 1, proposed to be an equation expressed in
the form

δX(C) = Φ(X(C ′), C ′ < C, Y (s), s ∈ C, C, δC), (8.1.2)

where C ′ < C means that C ′ is inside of C, that is, the domain (C ′)
enclosed by a contour C ′ is a subset of (C), and where Φ is, as before, a
non-random function, and the system

Y = {Y (s), s ∈ C; C ∈ C}

is the innovation of X(C).
To be more clear, the definition is given as follows. First, the notations

are to be fixed.
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Let BC(X) be the sigma-field generated by all the X(C ′) with C ′ < C.
Similarly, BC(Y ) is defined in such a way that

BC(Y ) =
∧

supp(ξ)⊃(C)
B(Y (ξ)).

Definition 8.2 The innovation of X(C) is a family of systems Y (C) =
{Y (s), s ∈ C}, with C ∈ C, such that

(1) Y (s) is a generalized stochastic process parameterized by Rd and has
independent values at every point s.

(2) Y (ξ), ξ ∈ E, is independent of BC(X) if supp(ξ) ∩ (C) = φ, and Y (ξ)
is BC(X)-measurable if supp(ξ) ⊂ (C).

(3) It holds that

BC−(X) ∨

∧

ξ

B(Y (ξ))


 =

∧
δn>0

BC+δC(X),

where ξ satisfies supp(ξ) ⊃ C.

We understand the important deformation δC of C is represented by a
system

δC 	 {δn(s), s ∈ C},

where δn(s) denotes the length of normal vector to C at s.

For either X(t) or X(C) we can prove the following:

Triviality. The sigma-fields generated by the innovation is unique if inno-
vation exists.

There are, of course, many choices of a system of elemental random
variables Y (s), but we claim the uniqueness in terms of the σ-field.

We also consider the case where X depends on a higher dimensional
vector or on a function f defined on an interval [a, b] such that f(a) and
f(b) are fixed. The former has been discussed and the theory has been
established. The second case, we can employ the same technique as in the
non-random case. Note that the parameter f has fixed boundary value,
so that we can avoid the awkwardness arising from the singularity at the
boundaries.

Note that the equation (8.1.2) has, as in the case of the stochastic
infinitesimal equation, only a formal significance. In order to give correct
interpretation or understanding, we must specify the class of fields, that
is the class of X(C)’s for which the innovation actually exists. Before
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doing so, we shall first deal with a simple case in order to give a plausible
interpretation to the idea of our innovation approach to random fields. We
also recall the aims of the variational calculus stated in Chapter 7; one of
them is to form the innovation.

8.2 Lévy decomposition of innovation

Innovation has a basic probabilistic property. The case of a stochastic
process and that of a random field are studied separately, although the
idea is the same.

(1) One dimensional parameter case; i.e. a stochastic process
The innovation of a stochastic process X(t), t ∈ R, is a generalized stochas-
tic process with independent values at every t. This fact is shown by defi-
nition. It is reasonable to assume that it is the time derivative of a Lévy
process, denoted by L(t), t ∈ R. In other words, integration of innovation
is assumed to give us a Lévy process.

Innovation → Lévy process L(t).

It is well known that a Lévy process, under mild assumptions, admits a
decomposition of the form

L(t) = m(t) + X0(t) + X1(t),

where m(t) is a non-random function, X0(t) is an additive Gaussian process
and X1(t) is a compound Poisson process. In addition, those processes
are mutually independent. One may ignore the sure function m(t). If
X0(t) and X1(t) are assumed to have stationary (independent) increments
with mean 0, then X0(t) is a Brownian motion up to constant, say cB(t),
c > 0, and the X1(t) admits further decomposition into independent Poisson
processes Pu(t) with different heights of jumps. It is noted that X1(t) is a
superposition of the Pu(t)’s, where the sum is defined as a quasi-convergence
in probability. For details of this fact we refer to P. Lévy [46] Chapter V.

From our standpoint redunctionism, the components B(t), Pu(t)’s of a
Lévy process are all viewed as elemental processes, in fact, elemental
generalized stochastic processes are obtained by taking their derivatives.

When the functionals of the innovations are discussed, we can start
with functionals of each elemental process separately, then the results are
combined. This is the way we shall do.
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Remark 8.2 This is a short note which would have connection in the
future study. We are interested in not only the analysis on (L2), but also
sample function-wise calculus. In the latter case, it is necessary to obtain
sample functions of each Pu(t), namely to obtain the instants when Pu(t)
jumps. This problem is often called “jump finding problem”. The results
will be used in the discussion of computability.

(2) Multiple-parameter case

(i) For a random field X(a), a ∈ Rd, (d > 1), the radial direction is con-
sidered as the address of evolution. Unless X(a) is degenerated, it has
countably many multiplicity regarding the evolution. Associated with each
cyclic subspace with unit multiplicity is an innovation. Theoretically speak-
ing, the same game as in (1) will be played as many time as infinite. A
good example is the Lévy’s Brownian motion, for which one can see in the
McKean’s result [56].

(ii) For a random field X(C) parameterized by C, an interpretation has
been given in the previous section with the help of the stochastic variational
equation. We are now ready to discuss the innovation in this line.

8.3 Review of linear parameter case

To discuss the topic of this section, it is necessary to review some notes on
the integral based on a Brownian motion B(t). We shall use two different
kind of integrals based on B(t).

(i) dB(t), considered as a random measure

To let the present article be self contained, here is given a brief interpreta-
tion on stochastic integral.

The integral is defined like the ordinary integral over a time-interval T .
For an interval ∆ = (a, b], the increment of B(t) over ∆ is denoted by ∆B,
which is B(b) − B(a). For a simple function f(u) =

∑
kjχ∆j

(u) we define
an integral

I(f) =
∑

kj∆jB.

The I(f) is denoted by
∫

f(u)dB(u) in an integral form. The integral
is a Gaussian random variable with mean 0 and variance |f |2 as is early
seen. If fn strongly converges to f in L2(T ), then I(fn) forms a Cauchy
sequence in L2(Ω, P ). Hence the strong limit of I(fn) exists. This limit is
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independent of the choice of fn and is denoted by I(f) or by∫
f(u)dB(u),

and is called the Wiener integral of f . The integral is a particular case of a
stochastic integral having a non-random integrand. The dB(u) is therefore
well defined and is a most important example of a random measure. By
many reasons we prefer the notation Ḃ(u)du rather than dB(u).

(ii) Stochastic bilinear form

A sample function of B(t) is continuous but not differentiable. Hence, the
time derivative d

dtB(t) = Ḃ(t) has meaning only as a generalized function.
Hence, a test function ξ in a space E involving sufficiently smooth functions,
say a nuclear space, enables us to define an ordinary random variable,
namely, a canonical bilinear form 〈Ḃ, ξ〉 gives a rigorous meaning. It is
often denoted in the form ∫

ξ(t)Ḃ(t)dt.

If x(∈ E∗) is a sample function of Ḃ, then we use a notation∫
ξ(t)x(t)dt.

If ξn tends to f in L2(T ), then
∫

ξn(t)x(t)dt converges to some random
variable, which is denoted by

∫
f(t)x(t)dt. This is called a stochastic bilinear

form. Of course, this is in agreement with the Wiener integral defined in
(i) if it is viewed as a member of (L2).

Let {X(t)} be a Gaussian process with one dimensional parameter t ∈
T ⊂ R1 satisfying the condition E(X(t)) = 0. Assume, in particular, that
the X(t) has a representation in terms of a white noise Ḃ(t) as a Wiener
integral of the form

X(t) =
∫ t

F (t, u)Ḃ(u)du, t ∈ T, (8.3.1)

where the kernel F (t, u) is square integrable in u for every t, and is smooth
in t. Then, its variation over an infinitesimal time interval [t, t + dt) is
given by

δX(t) = F (t, t)Ḃ(t)dt + dt

∫ t

Ft(t, u)Ḃ(u)du + o(dt), (8.3.2)

where Ft(t, u) = ∂
∂tF (t, u).
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As is well known, a representation of the form (8.3.1) is not unique
for a given X(t). Let us take the canonical representation, which gives
some advantage to our innovation approach. With such a choice of the
representation, it satisfies the condition

E
[
X(t)|Bs(X)

]
=

∫ s
F (t, u)Ḃ(u)du, for any s < t, (8.3.3)

where Bs(X) is the smallest σ-field with respect to which all the X(u),
u ≤ s, are measurable.

Note that a generalization of the representation theory to the Gaussian
random fields has been used in Chapter 5.

Proposition 8.1 If a Gaussian process has a representation of the form
(8.3.1), the function F (t, t)2 is uniquely determined regardless the represen-
tation is canonical or not.

Proof. The variance of X(t + dt) − X(t) is F (t, t)2dt + o(dt), which is
independent of the way of representation. Hence, the assertion is proved.

We have a freedom to choose the sign of F (t, t), but we do not care
the sign, since Ḃ(t)dt, which is to be associated to

√
dt, has symmetric

probability distribution.
Assume that

δX(t) is of order
√

dt. (8.3.4)

This means that X(t) is not differentiable since F (t, t) �= 0 and since δX(t)
has non-trivial randomness. Then, the first term of (8.3.2) is non-vanishing.
Hence F (t, t) is not zero and it may be taken to be positive and continuous.
With this assumption and with the note that X(t) has unit multiplicity
(which is equivalent to the existence of the canonical representation), we
can prove the following theorem.

Theorem 8.1 For a representation of X(t), assume that the boundary
value of the kernel F (t, t) never vanishes and is continuous. Then the limit

lim
dt→0+

δX(t) − E[δX(t)|Bt(X)]
F (t, t)

(8.3.5)

gives the innovation.

Proof. First we introduce the stochastic derivative of X(t) (For definition,
see [2].). It is meaningful in the case where X(t) is not differentiable, so
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that non-differentiability of X(t) is assumed. Let

D+X(t) = lim
ε→0+

E(X(t + ε)|Bt(X)) − X(t)
ε

, a.e

be the stochastic derivative of X(t). Then, we have

X(t) =
∫ t

0
D+X(u)du + Mt,

where Mt is a martingale. In our case it is actually an additive Gaussian
process expressed in the form

Mt =
∫ t

0
F (u, u)Ḃ(u)du.

Taking the time derivative, we get Ḃ(t), which is to be the innovation. In
short, we may write in the form (8.3.5). (Also, see [2].)

Remark 8.3 The random element in the numerator in (8.3.5) is ob-
tained by subtracting the past value from the infinitesimal increment of the
X(t), hence it stands for the new random variable appeared at instant t. It
is therefore the innovation. The innovation thus obtained will be denoted
by the same symbol Ḃ(t) as was used in (8.3.1). However, we should note
that it may be different from the original white noise, if the representation
(8.3.1) is not the canonical representation.

Once the Ḃ(t) is given for every t, we can use the differential operator
given by (2.1.15):

∂u =
∂

∂Ḃ(u)
, u ≤ t. (8.3.6)

Apply ∂u to X(t) to have F (t, u):

∂uX(t) = F (t, u), u ≤ t.

This F (t, u) is the canonical kernel that we are looking for. Noting that
Ḃ(t) is the innovation, we can establish the following proposition.

Proposition 8.2 The exact value of the canonical kernel F (t, u) is
obtained by applying the operator ∂u, u ≤ t, to the X(t).

Thus we can see that the expression (5.1.1) for the canonical repre-
sentation can be completely determined through the determination of the
innovation, and hence the structure of the given Gaussian process X(t) can
be known.
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We now come to a non-canonical representation which is given by a
stochastic integral

X(t) =
∫ t

0
G(t, u)Ḃ(u)du, (8.3.7)

where the kernel G(t, u) is a non-canonical kernel and is assumed to be
continuous in (t, u) and smooth in u for every t. Consider a particular case
where G(t, t) never vanishes. This condition is always assumed in what
follows.

In fact, this assumption does not depend on either the representation
is canonical or not. Here the integral can be regarded not as a Wiener
integral, but as an integral defined path-wise. Namely it is a continuous
bilinear form of G(t, ·) and Ḃ(·).

As before, the variation of X(t), given by (8.3.7) is anyhow given by

δX(t) = G(t, t)Ḃ(t)dt + dt

∫ t

0
Gt(t, u)Ḃ(u)du, (8.3.8)

with Gt(t, u) = ∂
∂tG(t, u). Taking the quadratic variation of δX(t) we

obtain G(t, t)2. Take the square root to have the exact values of |G(t, t)|.
Then, we have

δX(t)
|G(t, t)|dt

→ Ḃ1(t)

as dt → 0. The limit Ḃ1(t) is equal to the original Ḃ(t) up to sign. We may
therefore call it the quasi-innovation and may not be the real innovation.
It is noted that to get the quasi-innovation the nonlinear operation (i.e.
quadratic variation) is requested.

Proposition 8.3 From the non-canonical representation defined by the
path-wise integral, the quasi innovation is obtained, provided that the kernel
never vanishes at t = u.

Remark 8.4 It is known that the information of white noise is partly
lost through the filter G. The lost information cannot be recovered causally,
however we can form an equivalent white noise to subtract off some infor-
mation. We may also think of the equivalence of the sigma-fields generated
by the process and the quasi innovation.
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8.4 Innovations of linear processes

A definition of a process with linear correlation was given by P. Lévy [51]
in 1957, however we wish to discuss somewhat restricted class and call a
process in this class simply a linear process. Details of the definition is not
given here, since we wish to go directly into the question on innovation.

We take stochastic processes which are expressed as a sum of linear
functions of Gaussian and Poisson noise. More precisely, let Z(t) be a
linear process given by

Z(t) = X1(t) + X2(t), X1(t) ∈ X1, X2(t) ∈ X2, (8.4.1)

where X1 is a collection of Gaussian processes with unit multiplicity (that
is, with the canonical representation) and

X2 =
{

X2(t) =
∫ t

0
G(t, u)Ṗ (u)du, G ∈ C2, G(t, t) �= 0

}
. (8.4.2)

The analysis of such a linear process Z(t) is discussed in the space (P)
which is now taken to be collection of B(Ḃ, Ṗ )-measurable random vari-
ables. It is topologized, so has been determined before, by the convergence
in probability. Certainly, the present analysis is different from that is done
on Hilbert space like (L2) defined by a Gaussian process.

Proposition 8.4 The expression of X2(t) in X2 is always a canonical
representation in the sense that

Bt(X2) = Bt(Ṗ )

holds for every t.

Proof. Each discontinuous point of X2(t) is a jump point of P (t), and
vice versa. Since P (t) is determined only by jump points and since X2(t)
is a functional of P (t), we conclude the equality for sigma-fields.

Definition 8.3 A stochastic process Z(t) which is expressed as a sum of
the form

Z(t) = X(t) + Y (t), t ≥ 0, X(t) ∈ X, Y (t) ∈ Y,

is called a linear process.
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Theorem 8.2 Let a linear process Z(t) be given. Then,

(1) the two terms of a linear process Z(t) can be formed by Z(s), s ≤ t, and
(2) aḂ(t) + bṖ (t) is an innovation, where a and b are any non-zero

constants.

Proof. The two assertion can be proved by observing the sample function
of the process Z(t).

Remark 8.5 For details see Win Win Htay [94].

Remark 8.6 Proof of Theorem 8.2 may be given in a similar man-
ner to the proof of Theorem 8.1, by using the stochastic derivative and
Proposition 8.4. Actually, the martingale Mt in this case is given by

Mt =
∫ t

0
F (u, u)Ḃ(u)du +

∫ t

0
G(u, u)Ṗ (u)du,

from which the innovation is obtained.

Once the innovation is obtained, it is equivalent to have both a Ḃ(t) and
Ṗ (t) (like the case of the Lévy decomposition of a Lévy process). The com-
ponent processes X1(t) and X2(t) of Z(t) have now been at hand. Hence,
for s ≤ t, the canonical kernels F (t, u) and G(t, u) can be computed theo-
retically by:

∂

∂Ḃ(u)
X1(t)(= ∂uX1(t)) = F (t, u),

∂

∂Ṗ (u)
X2(t)(= ∂uX2(t)) = G(t, u).

The second formula implies

Corollary 8.1 The (kernel of the) representation of X2(t) is unique.

Remark 8.7 Uniqueness of this representation may be proved by condi-
tional expectation.

Example 8.1 A linear process formed by a Poisson noise Ṗ (t). Set

X(t) =
∫ t

0
G(t, u)Ṗ (u)du,

where G(t, u) is smooth on the domain Dt = {(t, u), 0 ≤ u ≤ t} and
G(t, t) �= 0 for t > 0. The integral is understood to be a bilinear form
G(t, ·) and Ṗ (·) and is defined sample function-wise in the sense of ii) in
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Σj nG(t, tj)

G(t1, t1)

G(t2, t2)

G(t2, t2)

G(tn, tn)

0 t3 tnt1 t2

G(t, t1)

tn+1

G(t, t1) +G(t, t2)

Fig. 8. Sample function of X(t).

Section 8.3. For a fixed random parameter denoted by ω, Ṗ (t, ω) is a sum
of delta-functions, i.e.

Ṗ (t, ω) = δtj
(t), tj = tj(ω).

The tj ’s correspond to the times when Ṗ (t, ω) jumps.
Hence we have

X(t) =
∑
tj≤t

G(t, tj).

X(t) jumps at tj with the height G(ti, tj), which is non-zero by assumption.
Here we should note that the characteristic function CX(ξ) of X(t) is

of the form

CX(ξ) = exp
[
λ

∫
(exp(i(Ǧ ∗ ξ)(u)) − 1)du

]
, (8.4.3)

where

(Ǧ ∗ ξ)(u) =
∫ ∞

u

G(t, u)ξ(t)dt.

By Proposition 8.4, we can see that the characteristic functional determines
the kernel G(t, u) uniquely.
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8.5 Innovation of a linear random field

Consider a linear random field Z(C), C ∈ C, which is expressed as a sum

Z(C) = X1(C) + X2(C), X1 ∈ X1, X2 ∈ X2, (8.5.1)

where X1 involves Gaussian random field X1(C) which has the canonical
representation

X1(C) =
∫

(C)
F (C, u)W (u)dud,

and where X2 is a collection of X2(C) such that

X2(C) =
∫

(C)
G(C, u)V (u)dud,

expressed in terms of a Poisson noise V . The C is taken to be a collection of
smooth ovaloid in Rd, as before. Then, we can prove, by observing sample
functionals.

Proposition 8.5 Given the value of Z(C). Then

(i) the two components in (8.5.1) of Z(C) can be constructed from Z(C).
(ii) Innovation is given to be the pair of the systems W (s), s ∈ C and

V (s), s ∈ C.

8.6 Stochastic variational equations

We then come to the main subject of this chapter, that is the variational
calculus for random fields. Here we remind the notations. Let X(C) be
a random field with parameter C which runs through the class C, as was
prescribed before. White noise with parameter space Rd is denoted by
x(u), u ∈ Rd, x ∈ E∗. Here, E∗ is the space of generalized functions on Rd

and the white noise measure µ is introduced on E∗. The X(C) in question
is a functional of x.

We are interested in the variation δX(C) of X(C), from which the
innovation would be obtained. Further we wish to have an equation, indeed
a variational equation for δX(C), which will characterize the probabilistic
structure of the random field X(C). Then, we shall come to the problem
to solve a stochastic variational equation, and uniqueness of the solution is
to be discussed.
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To fix the idea and to avoid non-essential complex assumptions, we
restrict our attention, in this section, to the case d = 2 where the parameter
C is in C containing smooth convex contours (or loops) in the plane. With
this choice of C we propose a stochastic variation equation for X(C).

Recall again that our approach to random fields is based on its innova-
tion. This concept for random fields is to be understood in the following
statement. The system {Ys, s ∈ C} is independent of every X(C ′) with
C ′ < C and it tells us that the new information which the random field
gains between C and C + δC should be the same as that gained by Ys’s
when s runs through the same region between C and C + δC.

It is claimed that the stochastic variational equation (8.1.1) if it exists,
can determine the probabilistic structure of the given random field X(C)
completely, although the formula itself has only a formal significance.

In what follows we assume that

X(C) is causal in terms of white noise. (8.6.1)

Namely, X(C) is a function only of the x(u), u ∈ (C), (C) being the
domain enclosed by C and x ∈ E∗. We are now ready to discuss a random
field X(C) satisfying the condition:

X(C) = X(C, x) is in (S)∗ and homogeneous in x. (8.6.2)

Here homogeneity in x implies that the S-transform U(C, ξ) is a homoge-
neous polynomial in ξ of degree n in the sense of P. Lévy. In addition, we
assume that

X(C, x) is a regular functional, (8.6.3)

that is, the kernel is not a generalized but an ordinary function.
This assumption means that the kernel function which is given by the

following proposition is an ordinary L2(R2n)-function.

Proposition 8.6 Under these assumptions (8.6.1), (8.6.2) with degree n

and (8.6.3), there is a positive integer n such that X(C) can be expressed
in the form

X(C) =
∫

(C)n

F (C; u1, . . . , un) : x(u1)x(u2) · · ·x(un) : dun, (8.6.4)

where ui ∈ (C), i = 1, 2, . . . , n, and F (C, u1, u2, . . . , un) is a L2(R2n)-
function symmetric in uj’s and where : : is the Wick product.
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As before, we use conventional notation to simplify the expressions u =
(u1, u2, . . . , un) and : x(u1)x(u2) · · ·x(un) :=: xn⊗(u) :. Then, the above
integral (8.6.4) may be written as

∫
(C)n

F (C; u) : xn⊗(u) : dun. (8.6.5)

Note that this integral is different from X(C) given in (6.1.1).
Proof of Proposition 8.6 comes almost straightforward from the above

three assumptions.
As for the S-transform U(C, ξ) of the X(C), we refer to the formula in

P. Lévy ([47] Iér Part, Chapter 5) by comparing our assumptions.
The formula (8.6.5) can be denoted by

∫
(C)n

∂∗
u1

∂∗
u2

· · · ∂∗
un

F (C; u)dun (8.6.6)

by using the creation operators.
Our final assumption is that the kernel

F (C; u) and F ′
n(C, u; s) =

δF (C, u)
δn

(s) (8.6.7)

are continuous in u and in (u, s), respectively.

Definition 8.4 The representation (8.6.5) is called a canonical represen-
tation in the weak sense if

Ê [X(C)|X(C ′), C ′ < C1] =
∫

(C1)n

F (C, u) : x(u)n⊗ : dun, (8.6.8)

for every C1 < C.

The notation Ê means the weak conditional expectation in the sense
of Doob. It is defined by the orthogonal projection of X(C) down to the
closed linear manifold spanned by the X(C ′), C ′ < C.

Proposition 8.7 The representation (8.6.5) is a canonical representation
in the weak sense if and only if

∫
(C)n

F (C; u)f(u)dun = 0 (8.6.9)

for all C with C < C1 implies f = 0 on (C1)n.
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Proof. The assumption means that the closed linear manifold generated
by the X(C)’s with C < C1 is the same as the one generated by all the
homogeneous chaos of degree n of the form

X(C1, f) =
∫

(C1)n

f(u) : x(u)n⊗ : dun (8.6.10)

with f ∈ L2
loc(R

2n). Hence the right hand side of (8.6.10) is just the ortho-
gonal projection of X(C) down to the one generated by the X(C, f), f ∈
L2

loc(R
2n). Hence the assertion of the proposition holds. (Cf. [19].)

Let us take the variation δX(C) of the field defined by (8.6.5). Then,
it is expressed in the form

δX(C) = n

∫
C

∫
(C)n−1

F (C, v1; s) : x(n−1)⊗(v1)x(s) : dvn−1
1 δn(s)ds

+
∫

C

∫
(C)n

F ′
n(C, u; s) : xn⊗(u) : δn(s)dunds, (8.6.11)

where v1 = (u2, u3, . . . , un) and F ′
n denotes the functional derivative of

F (C; u) in the variable C evaluated at C.

Take the weak conditional expectation.

Ê(δX(C)/X(C ′), C ′ < C) =
∫

C

∫
(C)n

F ′
n(C, u)(s) : xn⊗(u) : δn(s)dunds.

(8.6.12)

Then we have

δX(C) − Ê(δX/X(C ′), C ′ < C)

= n

∫
C

∫
(C)n−1

F (C, v1; s) : x(n−1)⊗(v1)x(s) : dvn−1
1 δn(s)ds.

Let δn vary in the class of C∞-functions so that δC is taken outward
and that the integrand over C is determined as a function of s and the right
hand side will give

x(s)
∫

(C)n−1
F (C, v1; s) : x(n−1)⊗(v1)dvn−1

1 . (8.6.13)

Let us denote it by

x(s)ϕ(s)
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and use the same technique as in one dimensional parameter space. Thus
we know the value

ϕ(s)2.

We may ignore its sign to determine ϕ(s). Divide (8.6.13) by ϕ(s) to obtain
the generalized innovation x(s). Since the representation is canonical, it can
be regarded as the same as the original x(s). It means that it is the real
innovation (not in a generalized sense). Thus we can prove the following
theorem.

Theorem 8.3 The innovation for the random field X(C) given by (8.6.4)
is obtained as

x(s) =
1

ϕ(s)

{
δX(C) − Ê[δX(C)|X(C ′), C ′ < C]

δn
(s)

}
.

Note that if the representation is canonical, then (8.6.13) gives the orig-
inal white noise x(u) in (8.6.4). However for the non-canonical case, we can
see that

δX(C) − Ê[δX/X(C ′), C ′ < C]

�= n

∫
C

∫
(C)n−1

F (C, v1; s) : x(n−1)⊗(v1)x(s) : dvn−1
1 δn(s)ds. (8.6.14)

Thus, in this case, we are given a generalized innovation which may be
different from the original x.

Remark 8.8 Observe that the situation is somewhat different from the
one dimensional parameter case, i.e. Gaussian case. That is

δX(C) − Ê(δX(C)/X(C ′), C ′ < C) (8.6.15)

is orthogonal to X(C ′) where C ′ is inside of C, however it may not be
independent of the X(C ′).

Recall that ∂u is the differential operator defined as ∂
∂Ḃ(u)

, where Ḃ(u)
is now replaced by x(u).

Proposition 8.8 The kernel function F in (8.6.4) is obtained by

F (C, u) =
1
n!

∂u1∂u2 · · · ∂un
X(C), (8.6.16)

where u1, u2, . . . , un are different.
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A mathematical representation {X(C)} of a random complex system is
important from the viewpoint of our theory, and actually we can manage
the representation theory within the frame work of the white noise analysis.

8.7 Examples

Returning to the idea of the innovation approach, our understanding was
that as C varies X(C) creates new information expressed in terms of the
innovation. Suppose that the innovation is taken to be a white noise. This
is often the case. We can therefore assume that X(C) is a function of white
noise as we have dealt with so far. The variational calculus for such random
fields can also be well established within the frame work of the white noise
analysis, where the space (S)∗ of generalized white noise functionals can be
provided as the basic background.

Thus, the X(C) is a function defined on the space (E∗, µ), where E∗ is
a space of generalized functions and µ is the Gaussian measure. The X(C)
is therefore viewed as a (generalized) functional of x in E∗ parameterized
by a manifold C in a certain class C that is chosen suitably.

The so-called S-transform is a powerful tool for the analysis of a field
X(C) = X(C, x) as we have often seen so far:

(SX(C))(ξ) = U(C, ξ), ξ ∈ E. (8.7.1)

In fact, we can appeal to the classical theory of functional analysis in order
to analyse the U(C, ξ). We are interested in the great heritage by those
mathematicians like Poincarè, Hadamard, Volterra, Tonelli and Lévy on
mathematical theory of functionals, which is quite useful having rephrased
in our setup.

For a non-random functional F (C) of C, its variation, if exists, is given
by Volterra form (named by P. Lévy) under a reasonable assumption:

δF (C) =
∫

C

∂F

∂n
(s)δn(s)ds. (8.7.2)

This formula can be applied to the variation of random fields X(C).
If U(C, ξ), ξ being fixed, is the S-transform of a random field X(C),

then we can apply the Volterra form to the variation δU(C, ξ). We then
have a variational formula for X(C) itself. In many cases, we can form the
innovation of X(C) from the formula of its variation.

There are good examples in the case of a stochastic process. They are
interesting in themselves, and at the same time they are extended to the
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case of random fields. We therefore begin with innovations for stochastic
processes.

Example 8.2 Bilinear case. (See [18], 1980.)
There is a bilinear stochastic differential equation of the form

δX(t) = −(aX(t) + a′)dt + (bX(t) + b′)dB(t), a > 0, t ≥ t0

in the classical expansion, with the initial condition X(t0) = C, where dB(t)
is viewed as a Gaussian random measure. If we assume E[X(t)] = 0, then
a′ = 0. If the white noise terminology is used, then

Ẋ(t) = −aX(t) + (bX(t) + b′)Ḃ(t),

X(t0) = C.

Here we note that Ḃ(t) is independent of Bt(X). Hence if we set U(ξ, t) =
S(X(t))(ξ), then we have

d

dt
U(ξ, t) = −aU(ξ, t) + (bU(ξ, t) + b′)ξ(t), t > t0,

with the initial condition U(ξ′, t0) = C.

This is a linear ordinary differential equation in the variable t, and the
solution is easily obtained as follows.

U(ξ, t) = Ce
− ∫ t

t0
(a−bξ(u))du +

∫ t

t0

b′ξ(s)e− ∫ t
s+(a−bξ(u))duds.

We can prove that, for every t, U(ξ, t) is in the reproducing kernel
Hilbert space with kernel exp

[− 1
2‖ξ − η‖2

]
. Such a Hilbert space will be

discussed in Appendix 3. With the help of this space we see that X(t) is
living in (L2) and that it is continuous in t.

If we have the solution X(t) to be stationary, then we let t0 tend to
−∞, and let the first term of the above equation disappear so as no remote
past exists.

The Hn-component Xn(t) of the stationary process X(t) has the kernel
function (symmetric and in L2(Rn)) given by Fn(t − u1, t − u2, . . . , t− un),
where

Fn(u1, . . . , un) =
1
n!

bn−1b′ exp
[
−a min

1≤j≤n
ujχ(0,∞]n(u1, . . . , un)

]
, n ≥ 1.
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It is straight forward to prove that X(t) has the covariance function
γ(h) of the form

γ(h) = b−2 exp
[
bb′

2a

]
e−a|h|.

Proposition 8.9

(1) Best linear predictor for X(t) in Example 8.2 is in agreement with the
best non-linear predictor.

(2) The Ḃ in the given equation is eventually the innovation of X(t).

Proof of this proposition comes from the covariance function and an
actual computation.

Example 8.3 (Also see [18] 1980.)
Again we use the classical notation

dX(t) = f(t)X(t)dB(t), t ≥ 0, X(0) = 1,

where f(t) is continuous and it never vanishes. We therefore have

Ẋ(t) = ∂∗
t f(t)X(t).

Then with the help of the S-transform again, the unique solution is
expressed in the form

X(t) = exp
[∫ t

0
f(u)dB(u) − 1

2
‖f‖2

t du

]
,

where ‖f‖2
t =

∫ t

0 f(u)2du.

The innovation is Ḃ(t), with dB(t) appeared in the given equation. It
can be obtained in such a way that

[log X(t) − E log X(t)] = Y (t),

which is an additive Gaussian process. Then, Ḃ(t) is obtained as the inno-
vation of Y (t).

Example 8.4 Define a stochastic process

X(t) = B(t)2 − t.

Then we have

dX(t) = 2B(t)dB(t), t ≥ 0, X(0) = 0.
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This is a sort of stochastic differential equation. It is easy to see that dB(t)
in the above expression is not the innovation. It has a unique solution but
unfortunately not a Markov process. (See the Itô formula.)

It is well known that X(t) is a martingale, and the innovation in the
weak sense is formed by B(t)

|Ḃ(t)| Ḃ(t).

Example 8.5 Set

X(t) = B(t)(P (t) + 1).

Then, it can be shown, again by observing sample functions, that

Bt(X) = Bt(B) ∨ Bt(P )

holds for every t. Further, it is easy to prove that

Proposition 8.10 X(t) is a martingale and the innovation is

Ḃ(t) + Ṗ (t).

Example 8.6 Kailaith’s example.
Let X(t), t ≥ 0, be given by

X(t) = S(t) + w(t),

where S(t) is a signal and w(t) is a noise. We assume that the signal
process S(t) is a Gaussian process with ES(t) ≡ 0 and w(t) is a white noise
which is independent of the signal process. Then X(t) is again Gaussian
process with EX(t) = 0. Further the covariance Γ(s, t) = E[X(s)X(t)] is
continuous in (s, t), hence so is for E[S(s)S(t)] s �= t.

Set

Ŝ(t) = E[S(t)|X(s), s ≤ t].

(Note that the condition does not contain the information of w(t).) Then,
we can prove that the difference

S̃(t) = S(t) − Ŝ(t)

is the innovation.
Actually, if we are allowed to express

S̃(t) =
∫ t

0
h(t, s)X(s)ds,
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with a kernel h(t, s), s < t, then h is a solution of the following integral
equation:

h(t, s) +
∫ t

0
h(t, u)Γ(u, s)du = Γ(t, s), s < t.

Generalizations of the above result are also known.

Remark 8.9 A. N. Shiryaev established the similar results, indepen-
dently, atmost the same time.

Example 8.7 Let X(t) be given by

X(t) = ϕ(B(t))ψ(P (t)), t ≥ 0,

where ϕ is a homomorphism between R and the range of ϕ, and where ψ

is an increasing function on [0,∞) with ψ(0) > 0.

Then the following relationship can be proved:

Bt(X) = Bt(B) ∨ Bt(P ), for every t.

With this property, it is proved that X(t) has an innovation aḂ(t) + bṖ (t)
with arbitrary non-zero constants a and b. This is a generalization of the
result in Section 8.4.

Let B(t) be a Brownian motion and P (t) be a Poisson process. X(t) −∫ t

0 (2B(u)P (u) − B(u))du is proved to be a martingale. We can see that by
using the stochastic derivative of X(t), the innovation of X(t) is given.

Example 8.8 R2 parameter Lévy’s Brownian motion.
It is known that

{ 1√
2π

,
√

π cos kθ,
√

π sin kθ, k ≥ 1
}

is a complete ortho-
normal system in S2. Denote it by {ϕn(θ), n ≥ 0}. The Lévy Brownian
motion with X(a), a ∈ R2 can be written as X(r, θ), a = (r, θ), by the
polar coordinates.

Set

Xn(t) =
∫ 2π

0
X(t, θ)ϕn(θ)dθ, n ≥ 0. (8.7.3)

We can see that {Xn(t), n ≥ 0} is an independent system since the
covariance

E[Xm(t)Xn(s)] = 0, m �= n,

for any s and t.
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Let the representation of Xn(t) for 2-dimensional parameter case be

Xn(t) =
∫ t

0
Fn(t, u)Ḃ(u)du, n ≥ 0.

By using McKean’s expansion (see [56]) the canonical kernel Fn(t, u)’s of
the representation is obtained as

F0(t, u) =
1
π

cos−1 u

t

Fn(t, u) =
1
2π

(u

t

)n−1
(

1 − u2

t2

)1/2

, n > 0.

Set

Fn(t, f) =
∫ t

0
Fn(t, u)f(u)du, f ∈ C{[0,∞)}.

Note that

tlFn(t, f) =
1

4
√

π

∫ t2

0
v(l/2)−1

√
t2 − vf(

√
v)dv,

and then we can prove the formula

Γ
(

3
2

)
(Dt2)3/2 tlFn(t, f) =

1
2
tl−2f(t).

Thus we have

L
(n)
t Fn(t, f) = f(t),

and so

L
(n)
t Xn(t) = Ḃn(t) (8.7.4)

where

L
(n)
t =

√
πt−l+2D

3/2
t2 tl, Dt =

d

dt
. (8.7.5)

That is the way how the white noise Ḃn(t) can be formed from Xn(t),
with n = 2l − 1, l > 0 as

L
(l)
t Xn(t) = Ḃn(t). (8.7.6)

It can be easily seen that {Ḃn(t)} is an independent system of white
noises since {Xn(t)} is an independent system.
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The situation is similar for the case n = 2l. It should be noted that for
even dimensional parameter case, the innovation is obtained by applying
the operator L

(l)
t , to Lévy’s Brownian motion, which is not local, but causal.

Example 8.9 We now consider R3 parameter case. The canonical kernel
function of Xn is known as

F0(t, u) = 1 − u

t
,

Fn(t, u) =
1
2

(u

t

)n−1
(

1 − u2

t2

)
, n > 0.

Note that, in the expression of the Brownian motion, there appear 2n + 1
independent processes with the same canonical kernel Fn.

It is easy to show that there exists a local operator

L
(l)
t =

1
tl−1

d

dt

1
2t

d

dt
tl+1, (8.7.7)

such that

L
(l)
t Xn(t) = Ḃn(t).

Remark 8.10 For odd dimensional parameter case, say R2p+1-parameter
case, M(t) process is (p + 1)-ple Markov process as is well known.

Example 8.10 Gaussian martingale. (Cf. Section 5.3.)
Let X(C), C ∈ C with d = 2 be given by a stochastic integral of a

locally square integrable g:

X(C) =
∫

(C)
g(u)x(u)du2.

Then, with the help of the S-transform it is easy to see

δX(C) =
∫

C

g(s)x(s)δn(s)ds, (8.7.8)

where ds is the line element over C.

Conversely, if we are given a variational equation of the above form, it
is easy to see the solution which is in agreement with X(C) up to constant.

Example 8.11 The variational equation of Langevin type.
The Langevin equation for a Gaussian random field is a field defined

as follows. Let C0 be a class of plane circles and G be the conformal
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group C(2)

δX(C) = −X(C)
∫

C

ϕ(s)δn(s)ds + X0

∫
C

ν(s)x(s)δn(s)ds, C ∈ C0,

where φ and ν are given continuous functions.
Apply the S-transform and denote the S-transform of X(C) by U(η) =

U(η, ξ), ξ : fixed where η denotes an analytic representation of C. Then

δU(η)(ξ) =
∫

ϕ(s)δη(s)ds + U0

∫
v(s)ξ(s)δη(s)ds.

Hence, we obtain the solution

X(C) = X0

∫
(C0)

exp[−kρ(C, u)]∂∗
uν(u)du,

where ρ denotes the Euclidian distance. The solution of such a Langevin
type stochastic variational equation is a simple Markov Gaussian random
field.

As a generalization of Example 8.11, there is a stochastic variational
equation for X(C) is given by

δX(C) = −aX(C)
∫

C

δn(s)ds + b : X(C)n :
∫

C

x(s)δn(s)ds,

where x is a sample function of white noise with d-dimensional parameter
white noise.

Example 8.12 A random field expressed as a homogeneous chaos.
This has been discussed in Section 6.1.

Example 8.13 Let C be in C as usual, and let G(u, v, C), (u, v) ∈ R2, be
the Green function associated with the two dimensional Laplacian operator
∆ = ∆u = ∂2

∂u2
1
+ ∂2

∂u2
2
. Define a random field X(C, u) with parameter (C, u):

X(C, u) =
∫

(C)
G(u, v, C)x(v)dv.

Then

∆uX(C, u) = x(v).

Although x(v) is a generalized function, but a rigorous interpretation is
given by the S-transform. Thus, the reduction is established. While, the
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variation in the variable C is given by

δX(C, u) =
∫

(C)

∫
C

∂G(u, m; C)
∂n(m)

∂G(m, v; C)
∂n(m)

x(u)δn(m)dmdu,

where the Hadamard equation is employed (see [15]).

Example 8.14 General Gaussian processes.
First recall Theorem 8.1 which shows a method how to construct the

innovation of a Gaussian process satisfying minor assumptions.
Let X(t) be a separable Gaussian process having no remote past.

Then the general theory for the canonical representation (see [1], Part II,
[8]) asserts that there exists atmost countably infinite number of cyclic
subspaces with cyclic vectors Xm, defined by the family of projection
{E(t), t ∈ R}.

Now assume there is no point spectrum of E(t). Then, each E(t)Xn =
Xn(t) is a Gaussian additive process with unit multiplicity. Thus, the
collection {dXn(t)} forms the innovation.

Example 8.15 General Gaussian processes.

We finally come to an investigation of the system {X(C); C ∈ C} by
viewing it as a random complex system. In a suitable manner a linear order
is introduced for a subclass of C. According to the deformation of the C

within this linearly ordered subset, one can consider the multiplicity of
X(C) as C proceeds. This concept can express the degree of complexity of
the system. Many interesting examples have countably many multiplicity
of Lebesgue type. (Cf. Kakutani’s pioneering work : see [18], Chapter 1.)

A randomized version can be introduced and its innovation is obtained.
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Chapter 9

Reversibility

The reversibility is an important characteristic property of a random field,
since we regard it as a mathematical model of an evolutional phenomenon
which is reversible. This section has close connection with classical me-
chanics as well as quantum dynamics. First, we shall consider the case of
a stochastic process, then some results on a reversible random field will be
briefly mentioned.

9.1 Reversibility of stochastic processes

There are two important directions, among others, in the study of evolu-
tional random complex phenomena, as for the dependence on the parame-
ter. Namely, we claim

(1) Markov property and multiple Markov property (this can be well de-
fined only for Gaussian case), and

(2) Reversibility.

Both are defined in connection with the development of the time or
space-time, and the two are related with each other, although they are
discussed by different tools from analysis. We shall first consider the case
of a stochastic process X(t). In particular, we discuss Gaussian and Poisson
noises. Later we shall come to a random field X(C).

(i) Gaussian case
Some observation will be made in the simplest case where the given stochas-
tic process {X(t), 0 ≤ t ≤ 1} is a Gaussian Markov process.

Suppose X(t) is a Brownian bridge such that X(0) = 0, X(1) = 0, and
X(t), 0 < t < 1 fluctuates like a Brownian motion. It may be obtained from

143
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Brownian motion by taking the bridged effect into account:

X(t) = B(t) − tB(1).

Its covariance function is

Γ(t, s) = (t ∧ s)((1 − t) ∧ (1 − s)),

which tells us that {X(t)} and {X(1 − t)} have the same probability dis-
tribution. In this sense we can see the reversibility.

More profoundly, we can illustrate the reversibility in terms of their
sample paths. Namely, based on a white noise we can give the canonical
representation, which is now viewed as a sample function-wise integral:

X(t) =
∫ t

0

1 − t

1 − u
Ḃ(u)du.

Since Ḃ(t) and Ḃ(1−t) have the same probability distribution, the canonical
representation of reversed process is

X1(t) =
∫ 1

t

t

v
Ḃ(v)dv.

Because of the reversibility in this sense just explained, a Brownian bridge
appears in the representations of many reversible random complex phe-
nomena. For example, the amount of fluctuation of a classical trajectory
to obtain a quantum mechanical path is expressed by the Brownian bridge
up to constant. This fact is essential when we transfer classical dynamics
to Quantum mechanics. Thus, the idea is applied to the Feynman path
integral in [83], where fluctuating (possible) trajectories contribute to have
the propagator of the quantum dynamics in question.

0

Fig. 9. Brownian bridge.
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As a generalization of the above transformation, we can consider a con-
formal transformation t → t−1

at−1 with a parameter a, a < 1. This fact is
also suggested by the following observation.

Let X(t) above be normalized; that is, let us set

Y (t) =
X(t)
σ(t)

,

where

σ2(t) = E[X(t)2].

The covariance function of Y (t) is given by

γ(t, s) =

√
s/t

(1 − s)/(1 − t)
=

√
s(1 − t)
t(1 − s)

,

which is the anharmonic ratio (0, 1; s, t). This immediately implies the pro-
jective invariance of Y (t) (or of Brownian motion). This fact is explained
as follows.

Let p(t), t ∈ [0, 1] be a projective transformation of [0, 1] onto itself.
Then {Y (t), t ∈ (0, 1)} and {Y (p(t)); t ∈ (0, 1)} have the same probability
distribution.

It is easy to see that the covariance function of {Y (p(t)), t ∈ (0, 1)} is
equal to γ(t, s).

There is an important note. What we have claimed is that the projective
invariance is realized by changing the variables of sample functions, not
simply the invariance of the probability distribution.

It is worth to be mentioned that the following assertion holds.

Theorem 9.1 The Brownian bridge X(t) over the interval [0, 1] is char-
acterized (up to constant) by the conditions

(i) X(t) is a Gaussian Markov process that has the canonical
representation,

(ii) X(0) = X(1) = 0 (bridged),
(iii) the normalized process Y (t) enjoys the projective invariance,
(iv) the local continuity of Y (t) as t → 0 in terms of the covariance function

is the same as that of the normalized Brownian motion B(t)/
√

t.

A generalization to multi-dimensional parameter case will be discussed
in the next section, where one can see an important connection between
rotation group and white noise analysis. Thus, the latter has an aspect of
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harmonic analysis arising from the infinite dimensional rotation group. A
similar observation is also given in the next section.

(ii) Poisson case
Consider the case d = 1, and remind our method to restrict our attention
to the event A(n), where P (1, ω) = n. Define Q(t, ω) = n − P (1 − t, ω).
Then, P (t), 0 ≤ t ≤ 1, has the same probability distribution as Q(t), 0 ≤ t,

on the event A(n). Thus, we claim a reversibility of Poisson noise only by
restricting ω to be in A(n). This means reversibility.

In terms of noise, we take time derivatives of two processes; Ṗ (t) and
Q̇(t) which is Ṗ (1− t). The conditional (that is on the event A(n)) charac-
teristic functionals are (∫

I

eiξ(t)dt

)n

and (∫
I

eiξ(1−t)dt

)n

,

respectively, where I = [0, 1]. The two are equal, which means the
reversibility from a particular viewpoint.

9.2 Reversibility of a random field

(1) Gaussian case
We have been tacitly thinking of a way of generalizing the reversibility to
the case of random field X(C), where the parameter C, which is an ovaloid
in R2, runs through C0 to C1 with (C0) ⊂ (C1). The way of deformation of
C would be a generalization of the transformation t → 1 − t.

For this purpose, we recall the special case of linear parameter. The
reflection t → 1 − t is a particular transform of a conformal transformation
of [0, 1] onto itself in a reversible order. This having been generalized,
we are given a slight generalization to consider a conformal transformation
from t → t−1

at−1 with parameter a (a < 1).
Thus, we are ready to introduce a class G of conformal transformations

that deforms C1 to C0 monotonically in a manner C → gC with gC0 =
C1, gC1 = C0 and g ∈ G.

On the other hand, the conformal transformations define a subgroup
C(2)∗ of O∗(E∗). This means that g∗ ∈ C(2)∗ keeps the white noise manner
invariant (g∗µ = µ).
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Hence it is quite reasonable to introduce the way of deformation gC of
C in such a way that gC runs through C1 to C0 as C deforms from C0

to C1.

We now give the analogue of the Brownian bridge for the Gaussian ran-
dom fields, discussed above. Let Cr be a circle with radius r, and take C0

and C1 such that C0 < Cr < C1. By writing f(Cr) by f(r), the represen-
tation of X(Cr) can be written as

X(Cr) = f(r)
∫

(Cr)−(C0)
g(u)x(u)du2,

where

f(r) =

√
(r2

1 − r2
0)(r

2
1 − r2)

r2 − r2
0

and

g(u) = (r2
1 − |u|2)−1,

where r runs through the interval [r0, r1].
We can see that the above X(C) is a random field like a Brownian bridge

such that X(C0) = X(C1) = 0. Thus we may call it a bridged random field.
The covariance function is obtained as

Γ(s, t) = π

√
(s2 − r2

0)(r
2
1 − t2)

(r2
1 − s2)(t2 − r2

0)
.

Note that Γ(s, t) is the square root of the anharmonic ratio (s2, t2; r2
0, r

2
1)

up to a constant π. Hence, one can think of the invariance of the field in
question under the projection transformations in the variable u2.

By applying a conformal transformation to white noise as

x(u) → x

(
r0r1

|u|2 u

)
r0r1

|u|2 ,

we obtain the random field

X(Cr) =

√
(r2

1 − r2
0)(r2 − r2

0)
r2
1 − r2

∫
(Cr1 )−(Cr)

(|v|2 − r2
0)

−1x(v)dv2,

which has the same covariance function with that of the original random
field X(C) since the above transformation keeps the white noise measure
invariant. Thus we see the reversibility of the random field.
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The characteristics of this X(C) are the same as in the case of Brownian
bridge.

It is straightforward to have generalization of reversible fields formed
by higher dimensional parameter white noise. In fact, in the Rd-parameter
case, functions f(r) and g(u) have the same expression simply by replacing
monomials like r2, u2 with rd, ud, respectively.

As regards the Gaussian field X(Cr), it is easy to have another gen-
eralization by using a diffeomorphism g acting on R2 in such a way that
gX(Cr) = X(gCr).

By taking general C ∈ C, instead of X(Cr), we are given a Markov
random field and we have a stochastic variation that uniquely determines
the X(C).

(2) Poisson case
By replacing Gaussian white noise with Poisson noise V (u), a sample func-
tion of which is denoted by y(u), u ∈ R2, we are given a reversibility random
field Y (C). Set

Y (Cr) = f(r)
∫

(Cr)−(C0)
g(u)y(u)du2, (9.2.1)

where f(r) and g(u) are the same functions as those in the Gaussian case,
respectively.

Now apply a dilation to the parameter u of V (u):

τt : u → ueat, a ≥ 0.

Let (Uty)(u) = y(τtu)e2at, then Ut is measurable. Thus, Y (Cr) is trans-
formed to be Yt(Cr):

Y (Cr) = f(r)
∫

(Cr)−(C0)
g(u)y(ueat)e2atdu2

= ft(r)
∫

(Ceatr)−(Ceatr0
)

1
(eatr1)2 − |v|2 y(v)dv2

where ft(r) is obtained by replacing {r0, r, r1} with {r0e
at, reat, r, eat},

respectively.
According as t varies positive or negative direction, the random field

Y (Cr) moves back and forth keeping the same structure as a Poisson noise
functional. So, one may observe reversible phenomenon. Note that Ut is
not µP measure preserving. In fact, intensity λ changes to λe2at under Ut.
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9.3 Variational equations for quantum fields

There are so many interesting questions concerning reversibility in connec-
tion with the quantum probability theory. It is almost impossible to explain
each question, so that only some of them will be shown below.

(A) Reversibility of general X(C)

Analogous approach to the case of one-dimensional time t needs to intro-
duce an orientation in the class C. Thus “future and past”, lie in the
“reverse order”, and hence the notion of “path” etc. can be introduced.

paths of X(C) → path integral where the path is in C [0,1].

Each sample function of X(C) is viewed as a path of the random quan-
tity X(C) of the variable C. Thus a probability measure is naturally intro-
duced in C [0,1].

(B) Approach to quantum fields

We simply list the possible directions in quantum dynamics that can be
approached by our method.

Tomonaga–Schwinger equation (see Section 10.7),
Nambu–Goto Strings (see [97]),
The Ostwalder–Schrader axioms for Euclidean field will lead to a quan-

tum field (see Section 5.6),
Quantum optics (see [4]), path integral formulation to have propagator

in line with Feynman’s theory,
Quantum geometry of Bosonic string (see A. M. Polyakov, Phys. Letters

103 B (1981), 207–210),
Yang–Mills theory: It is concerned with the singularity on the diagonal

of quadratic generalized white noise functionals, although we have briefly
discussed.

Remark 9.1 Remark on a generalization. For a curve C ∈ C, if there
exists one parameter family of conformal transformations that connects C0

and C1, the reversibility can be considered in a similar manner. This will
be done by a method of differential geometry. In this case {X(Cr), r0 ≤ r ≤
r1} is viewed as a path of X(C). Its variation is expressed as drX(Cr).
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Chapter 10

Applications

10.1 Conformal group C(d) as a subgroup of O(E)

The conformal group C(d) is going to be introduced as the most impor-
tant subgroup of the O(E). Since it involves the reflection with respect to
the unit sphere, it is therefore necessary to take the basic nuclear space
E to be the space D0 for which the transformation defined by the reflec-
tion is its diffeomorphism of E. Actually the space D0 = D0(Rd) for the
d-dimensional parameter case is defined by

D0(Rd) = {ξ ∈ C∞(Rd); sξ ∈ C∞},

where sξ(u) = ξ
(

u
|u|2

) 1
|u|d . The topology of D0(Rd) is introduced so as to

be isomorphic to C∞(Sd), Sd being the d-dimensional unit sphere. This
space D0(Rd) is fitting for our purpose.

First, we consider the one-dimensional parameter case. The isomor-
phism between D0(R1) and C∞(S1) is now given by

ξ(u) → ξ̃(θ) =
√

2ξ

(
tan

θ

2

)
cos

θ

2
.

Let G̃ denote the projective special linear group PSL(2, R). A member
g̃ of G̃ is represented by a 2 × 2 matrix:

g̃ =
(

a b

c d

)
, (10.1.1)

with ad − bc = 1 and modulo center.
The g̃ defines an operator g acting on E = D0, as a continuous linear

operator, in such a way that

ξ → gξ(u) = ξ

(
au + b

cu + d

)
1

|cu + d| u ∈ R.
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Obviously g is continuous in the topology of E and it preserves the L2(R)-
norm. That is, g is a member of O(E).

The collection of such g’s forms a group, actually a closed subgroup of
O(E), denote it by G.

We refer to whiskers in Section 2.4(4).

Triviality There is an isomorphism

G ∼= PSL(2, R),

between the two topological groups.

It is known that the G is generated by the following subgroups:

(1) Shift St: ξ(u) → ξ(u − t), t ∈ R,
(2) dilation τt: ξ(u) → ξ(uet)et/2, t ∈ R,
(3) special conformal transformations: κt = wStw, t ∈ R, and the re-

flection w, where

w: ξ(u) → ξ(1/u)
1

|u|2 .

In the higher dimensional case, say d-dimensional case (d > 1), an
additional subgroup, the rotation group SO(d), is added in the above list.
Namely, a rotation g̃θ in the group SO(d) defines a rotation gθ of E:

(4) rotations gθ : ξ(u) → ξ(g̃θu), g̃θ ∈ SO(d).

In addition, d shifts and d special conformal transformations are in-
cluded in G.

The dilation should be the isotropic dilation in the case of Rd, so that
only one dilation is available. If non-isotropic dilation is included, then the
Lie group generated by others in our list becomes infinite dimensional, so
that we want to avoid such a case.

The subgroup of O(D0(Rd)) thus obtained is often called the
d-dimensional conformal group and is denoted by C(d). Each one-
parameter subgroup listed above is a whisker. (See the figure of the O(E)
Fig. 3, where each one-parameter subgroup passing through the identity e

looks like a whisker.)

Recall the role of the infinite dimensional rotation group to see:

Triviality The collection C(d)∗ = {g∗; g ∈ C(d)} forms a subgroup of
O(D0)∗, and each one-parameter subgroup of C(D0)∗ which involves ad-
joint members of a whisker is a flow on the measure space (D∗

0 , µ).
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Proposition 10.1 The subgroup C(d) of O(D0(Rd)) is locally isomorphic
to the Lie group SO(d + 1, 1).

Proof. First compute the infinitesimal generators of the one-parameter
groups listed above (1)–(4). They are

(1) shift: sj = − ∂
∂uj

, 1 ≤ j ≤ d,
(2) isotropic dilation: τ = u d

du + 1
2 ,

(3) special conformal transformations: κj = u2
j

∂
∂uj

+ uj ,

(4) rotations: γj.k = uj
∂

∂uk
− uk

∂
∂uj

, 1 ≤ j �= k ≤ d.

Form the Lie algebra generated by these generators to see that the algebra
is isomorphic to that of SO(d + 1, 1) (often denoted by C̃(d)).

Remark 10.1 The generators (1), (2) and (3) define whiskers. There
are 2d + 1 whiskers and they play different roles in probability, respectively.

The above generators are used in case the variational calculus for X(C)
is obtained, where infinitesimal deformation of the parameter C is per-
formed by the conformal transformations. (See Section 10.4.)

10.2 Spectral type of flows

We are given various flows, so that it would be fine if their spectral types
are clarified.

First, the shift is observed. The flow {Tt} with S∗
t = Tt is called the flow

of Brownian motion after S. Kakutani. Associated with the flow {Tt} is a
one-parameter unitary group Ut defined by (Utϕ)(x) = ϕ(Ttx) for ϕ ∈ (L2).
Now use the Fock space:

(L2) =
⊕

n

Hn,

and take the integral representation of the members in Hn by applying the
S-transform. To fix the idea, we take unitary group Ut acting on H2. The
S-transform gives us a symmetric L2(R2)-function F (u, v) and the effect of
Ut implies

F (u, v) → F (u + t, v + t).

Changing the variables: it suffices to consider the half plane u ≥ v, so

x = u + v, y = u − v (≥ 0),
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to have

F (u, v) = F̃ (x, y), F (u + t, v + t) = F̃ (x + 2t, y).

Choose an arbitrary base {ηn} of L2([0,∞)] to have an expansion of F

F̃ (x, y) =
∑

n

fn(x)ηn(y).

Each term has the second factor that is invariant under the shift. This
proves that the shift spans cyclic subspaces, which are mutually orthogonal,
and each of which has the Lebesgue spectrum. Thus, we have proved that
the Ut and hence Tt has countably Lebesgue spectrum.

The same for the subspace Hn, n ≥ 3.
Summing up, we conclude that

Theorem 10.1 The flow of Brownian motion has countable Lebesgue
spectrum on the space (L2) 	 {1}.

Spectrum of the dilation. It is countably Lebesgue, too.

For more details concerning the spectrum we refer to [18, Chapter 5].

We then come to the spectrum of flows defined by the shifts in the
Rd-parameter case. We know that as a subgroup of C(d) we are given
shifts, denote them by Sj

t , j = 1, 2, . . . , d, as many as d. Hence we are given
d flows T j

t .

Proposition 10.2 Each flow T j
t defined by a shift Sj

t has countable
Lebesgue spectrum on the space (L2) 	 {1}.

The idea of the proof is a simple modification of the case d = 2. Namely,
one of the variables of the kernel function is shifted by t and other variables
are kept invariant. We can then play the same game as in Theorem 10.1.

One may now ask what are the relations among those shifts or flows.
To answer this question, one may take the infinitesimal generators sj of Sj

t ,
respectively. Obviously, we prove

(i) sj ’s are commutative, and
(ii) sj ’s are linearly independent in the Lie algebra c(d) associated with the

conformal group C(d).

In general, the notion of multiplicity shows complexity of the dyna-
mical system. In terms of the shift operators, we have shown part of the
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complexity of white noise by (i) and (ii) together with the property of
countable Lebesgue spectrum.

10.3 The transversal relation

There is a good relationship between the shift and dilation. Namely the
shift is transversal to the dilation, which may be expressed in terms of the
commutation relation of the generators. In fact, it is easily proved that

Sj
t τs = τsS

j
tes , j = 1, 2, . . . , d.

In terms of the generators τ and sj we have

[τ, sj ] = −sj , j = 1, 2, . . . d.

It is interesting to note that the shift defines the flow of Brownian mo-
tion, while the dilation defines the flow of Ornstein–Uhlenbeck process.

This relation is used when dynamical property of the flows defined by
the shift and dilation is investigated.

The transversal relations can also be seen for other pairs, like

[τ, κj ] = κj , j = 1, 2, . . . , d.

Such a relation is helpful for the study of ergodic property of flows on
white noise space.

St

τs

τs

 St exp(s)

Fig. 10. Transversal relation.
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10.4 Conformal invariance of white noise

(1) In the one dimensional parameter case, we take a Brownian bridge
X(t), t ∈ [0, 1], introduced in Section 9.1 to show the reversibility. Let it
be normalized to have

Y (t) =
X(t)√
t(1 − t)

.

The covariance function of Y (t) is the square root of the anharmonic ratio
(0, 1; s, t), which proves that the probability distribution of Y (t) is invariant
under any projective transformation that carries [0, 1] to another interval. If
the mapping carries [0, 1] onto itself, we are given one-dimensional subgroup
of the conformal group and the action is visualised. Some details have been
observed in the last section.

(2) If we come to the higher dimensional parameter white noise, then it is
very much complicated to explain the conformal invariance in an explicit
formula, although the invariance itself is quite important. We do not go
into details, but refer the paper

“T. Hida, K.S. Lee and S.-S. Lee, Conformal invariance of white noise,
Nagoya Math. J. 98 (1985), 87–98,”

that discusses the conformal invariance.

Reversibility, discussed in a similar manner to the case d = 1, has been
mentioned before.

10.5 Action on random fields

Another role of the whiskers is to have a deformation of the manifold C

which is taken to be a parameter of a random field.
Given a Gaussian random field {X(C); C ∈ C}, where C is a collec-

tion of manifolds in a Euclidean space. Then, we are interested in the
dependence of X(C) when C moves and deforms within the class C.

Two particular cases will be discussed.

[1] The class of manifolds is chosen to be C0 the collection of all (d − 1)-
dimensional spheres in Rd. In an obvious manner C0 may be identified
with Rd × R+ as a topological space.
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We recall that there is a conformal group, denoted by C̃(d), that is
acting on Rd, and is consisting of the following (i)–(iv):

(i) shifts,
(ii) isotropic dilation,
(iii) SO(d),
(iv) special conformal transformations = conjugates to the shifts with res-

pect to ω, where ω is the reflection: u → u
|u|2 .

Put the transformation (i)–(iv) together. And one is given the confor-
mal group C̃(d) which is 1

2 (d + 1)(d + 2) dimensional. Its Lie algebra is
determined by Proposition 10.1.

The following assertion can easily be proved.

Proposition 10.3 The class C0 of spheres is invariant under the action
of the conformal group C̃(d), and the action of the group on the space C0

is continuous and transitive.

With this property of the conformal group, we can speak of the variation
of a random field depending on a sphere. Set

X(C) =
∫

C

F (s)X(s)dv(s), C ∈ C, (10.5.1)

where {X(s); s ∈ C} is the restriction to C of a continuous Gaussian ran-
dom field X(t), t ∈ Rd, F (s) is a continuous function and dv(s) is the
surface element over the sphere C.

Infinitesimal deformation δC of C is induced by infinitesimal changes of
members in C̃(d) and eventually it gives us the variation of X(C). Hence,
we have to consider the action of the Lie algebra of C̃(d). Let C(d) be
regarded as a continuous representation of C̃(d) on E; namely for g̃ ∈ C̃(d)

gξ(u) = ξ(g̃u)|J |1/2 , u ∈ Rd, J : Jacobian.

We can take a base {αj ; 1 ≤ j ≤ 1
2 (d + 1)(d + 2)} of the Lie algebra

of the group C(d). Members of the base may come from one-parameter
subgroups (whiskers) gt, t ∈ R, of O(E) by taking infinitesimal generators
α = d

dtgt|t=0. With these notations we establish

Theorem 10.2 Let X(C) be given by (10.5.1) with X(s) in H1, and
assume that C runs only through C0. Then, the variation δX(C) of X(C)
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is expressed in the form

δX(C) =
∑

j

dtj

∫
C

{αC
j ((FX)(s)δj(s)dv(s) + (FX)(s)δj(dv(s))},

(10.5.2)

where αC
j is the component of αj normal to C and where δj(s) denotes

the difference between C and C + δC, and where δj(dv(s)) stands for the
infinitesimal difference of the surface element dv at s.

Proof. First apply S-transform to the expression (10.5.1) so that we obtain
an ordinary functional of ξ and C. Then, we appeal to the classical theory
of calculus of variations (see e.g. Lévy [47]), where we see a formula for a
functional I =

∫
C

uds, C: contour in R2,

δI =
∫

C

(δu ds + uδ(ds)), (10.5.3)

with the line element ds along the curve. The conclusion (10.5.2) can be
proved by paraphrasing the above formula, and by extending the result to
the case of higher dimensional manifold.

We then consider a white noise integral

X(x) =
∫

C0

F (s)x(s)dv(s), x ∈ E∗, (10.5.4)

where C0 passes through the origin. The diameter of C0 is denoted as oa.

Consider now the subgroup of O(E) which leaves the C0 invariant. Such
a group, denoted by Ga, involves a subgroup isomorphic to the group gen-
erated by special conformal transformations, the isotropic dilation on Rd−1

and the isotropy group at a, which is isomorphic to SO(d − 1).
Let H denote the Hilbert space L2(C0, dv) and define Ug by

(Ugf)(v) = f(gv)|J |1/2, f ∈ H, J : Jacobian. (10.5.5)

Then, we can easily prove the following proposition by applying the
reflection with respect to the unit sphere to show that the group Ga is
isomorphic to the homothety group acting on Rd−1.

Proposition 10.4 The unitary representation U : {Ug; g ∈ Ga} of the
group Ga on H is irreducible.
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Note that U is identified with a subgroup of O(E).

Theorem 10.3 Let X(x) be defined by (10.5.4). Then, the space spanned
by {X(g∗x); g ∈ Ga} coincides with the space spanned by the system {〈x, ξ〉 :
ξ ∈ C∞(Ca)}.

Proof. Observe the expression of X(x) in (10.5.4) and apply g∗ to x. Then
we have

X(g∗x) =
∫

Ca

(gF )(s)x(s)dv(s).

Since gF , g ∈ G, generates dense subset of L2(Ca, dv), x(s) can be recov-
ered, and the theorem is proved.

[2] Let C be the class of all possible C∞-manifolds isomorphic to a sphere.
Consider the random fields with parameter set C that are very much
restricted.

Theorem 10.4 Let X(u,C) be the field given by

X(u,C) =
∫

D

G(u, v; C)x(v)dσ(v). (10.5.6)

Where G(u, v; C) is Green’s function. Then, we have

δX(u,C) =
∫

D

δG(u, v; C)x(v)dσ(v). (10.5.7)

Proof. The S-transform of the random variable X(u,C) is given by

{SX(u,C)}(ξ) =
∫

D

G(u, v; C)ξ(v)dσ(v).

Take its variation when C changes by δC. Then, we have∫
D

δG(u, v; C)ξ(v)dσ(v).

Applying the S−1-transform, we obtain (10.5.7).

Remark 10.2 The first and the second terms of the right hand side of
(10.5.7) can be discriminated, since they have different order in the mean
square. Note that δG is given explicitly by the Hadamard equation (see
Section 1.2 and [15]).
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10.6 Mathematical biology

There is another application, randomization of the Lotka–Volterra equation
in population biology. The attempt towards this direction is wide and
numerous, however we take a particular case, still giving us a suggestion.

Consider a simple example and start with a Lagrangian form which is
randomized. With the notation established by Volterra, set Nr(t) be the
sight of the population r and Nr(t) =

∫ t

0 Nr(s)ds. Define

χ =
∑

r

βrX
′
r log X ′

r, 1 ≤ r ≤ n, (10.6.1)

the demographic potential

P =
∑

r

βrεrXr +
1
2

∑
r,s

cr,sXrXs, (10.6.2)

and a bilinear form

Z =
∑
r,s

ar,sX
′
rXs. (10.6.3)

Then, the Lagrangian form L, which is a functional of Xr’s, is given by

L = χ +
1
2
Z + P. (10.6.4)

By the usual manner of the variational calculus to find the stationary point
of the demographic action U :

U =
∫ t

0
L dt, (10.6.5)

the Euler equation is given:

d

dt

∂L

∂X ′
r

− ∂

∂Xr
= 0. (10.6.6)

Thus we have

dNr

dt
=

(
ε +

1
βr

∑
s

as,rNs

)
Nr, (10.6.7)

where Nr = X ′
r. Now we come to a random environment, namely the

coefficients of the linear term of the demographic potential is taken to be
a random variable. A good example is introduced by replacing εr with
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εr + Ḃr(t). Namely,

dNr

dt
= fr(N) + ∂∗

t Nr, (10.6.8)

where (ε + 1
βr

∑
s as,rNs)Nr is simply written by fr(N).

The solution to this equation can be obtained as is done in
[M. F. Dimentberg. Phys. Rev. E65 (2002), 1–6], however we only note
the significance of this direction, specifically noting the idea to randomize
the Lagrangian form.

We can see many other application in Quantum dynamics, Statistical
mechanics, Game theory (random case), Maximum entropy methods, math-
ematical biology and etc.

10.7 Tomonaga–Schwinger equation

We start with the Schrödinger equation (Monin–Yaglom [58] Vol. 2
Section 28)

i
∂

∂t
ψ(t) = Hψ(t),

where H is a Hamiltonian consisting of free part Hf and interaction part
Hint. Let H be expressed in the form

H =
∫

H(u)du3

=
∫

Hf (u)du3 +
∫

Hint(u)du3

= Hf + Hint.

Introduce a unitary operator U(t) such that

U(t) = exp[itHf ].

The collection {U(t)} forms a one-dimensional parameter unitary group.
With this, we claim that free field is governed by the quantization which
makes it to be relativistically invariant.

Now introduce a family of vectors

Φ(t) = U(t)ψ(t).

Then it satisfies

i
d

dt
Φ(t) =

(
U(t)

∫
Hint(u)U(t)−1du3

)
Φ(t).
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Consider a basic case where Hint is expressed as a polynomial in field
operators ϕα(u, t), α ∈ A, such that ϕα(u, t) = U(t)ϕα(u)U(t)−1. Then we
have

U(t)Hint(ϕα(u), α ∈ A)U(t)−1 = Hint(U(t)ϕα(u)U(t)−1, α ∈ A)

= Hint(ϕα(u, t), α ∈ A).

Hence, we have

i
d

dt
Φ(t) =

∫
Hint(ϕα(u, t), α ∈ A)du3Φ(t).

Note that it is not clear that the above formula is Lorentz invariant. We
shall consider this property in what follows. Now t is generalized to a sur-
face C. Let C be a space-like hyper-surface in the 4-dimensional Minkovski
space. We can consider a space vector Φ(C). Then we should have

Φ(C + δC) = (1 − idωHint(ϕα(u, t), α ∈ A))Φ(C),

where dω = du3dt. Remind that dω is Lorentz invariant. Hence, the above
variational equation is independent of the choice of the coordinate system.

Now, the functional derivative can be defined

i
δΦ(C)
δn(s)

= Hint(s)Φ(C),

where {δn(s)} denotes the distance between C and C +δC. Note that δn(s)
may be written as δCs symbolically, as was done in Example 7.4. Thus, we
have obtained the Tomonaga–Schwinger equation.

We have so far proceeded in the relaxed view of mathematical rigor to
come to the goal quickly. We have hope that an approach to the Tomonaga–
Schwinger equation within the framework of white noise analysis would be
fruitful and quite interesting, where the field operators are expressed in
terms of operators in quantum white noise.

An additional note is that an integrability condition of the Tomonaga–
Schwinger equation is given by

δ

δn(u)
δ

δn(v)
Φ(C) =

δ

δn(v)
δ

δn(u)
Φ(C).

That is, for every u, v in space-like hypersurface C, we have

Hint(v)Hint(u) = Hint(u)Hint(v).
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Characteristic functionals

The roles of characteristic function of a probability distribution or of a
random variable is quite well-known. An infinite dimensional analogue is
the characteristic functional, which corresponds to a probability distribu-
tion of a stochastic process. In this case, a particular attention should be
paid to the probability distributions of generalized stochastic processes, for
which probability distributions are introduced on the space of generalized
functions. An easy generalization of a characteristic function, which corres-
ponds to a probability distribution on a finite dimensional space, cannot be
established in the infinite dimensional case, like a function space.

A quick review of a characteristic function is done as follows. Let a
probability distribution m on Rd be given. Then, the characteristic function
ϕ(t) is given by

ϕ(t) =
∫

Rd

exp[i(x, t)]dm(x), t ∈ Rd, (A.1.1)

where (·, ·) is the inner product in Rd.
The ϕ(t) satisfies

(1) ϕ(z) is a continuous function of z,
(2) ϕ(0) = 1,

(3) Positive definite: For any tj , 1 ≤ j ≤ n, and for any complex numbers
zj , 1 ≤ j ≤ n, the following inequality holds.

n∑
1

zj z̄kϕ(tj − tk) ≥ 0. (A.1.2)

163
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Conversely, we are given ϕ(t) satisfying (1), (2), (3), then there exists a
probability distribution m on Rd such that the relation (A.1.1) holds.

Roughly speaking, there is a one-to-one correspondence between
a probability distribution and a characteristic function. (S. Bochner’s
Theorem). For actual computations of probability distributions and for
the determination of distributions, the use of characteristic function is very
efficient.

We now come to an infinite dimensional analogue, although not quite
an analogue. There is an important theorem due to R.A. Minlos, we call it
the Bochner–Minlos Theorem. (For details, see [18].)

Let E, a dense subspace of L2(Rd), be a countably Hilbert nuclear space,
topologised by countably many compatible Hilbertian norms ‖ · ‖n, n ≥ 0,

with respect to which E is complete. Let En be the completion with respect
to the n-th norm ‖·‖n, which are arranged in increasing order. Then we have

E =
⋂
n

En.

Letting ‖ · ‖−n be the norm of the Hilbert space E∗
n, the dual space of En.

We see that {‖ · ‖n : −∞ < n < ∞} is an increasing family of Hilbertian
norms. The dual space E∗ of E can be expressed as

E∗ =
⋃
n

E∗
n.

Definition A.1 Let E be the space given above. If for any m there exists
n > m such that the injection mapping

Tn
m : En → Em

is nuclear, then E is called a countably Hilbert nuclear space or simply a
nuclear space.

Now the basic Hilbert space is L2(Rd) and the canonical bilinear form
that links E and E∗ is denoted by 〈·, ·〉 to discriminate from the inner
product in L2(Rd).

Definition A.2 A characteristic functional is a functional C(ξ) defined
on E such that

(1) C(ξ) is a continuous functional of ξ ∈ E,
(2) C(0) = 1,
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(3) C(ξ) is positive definite, i.e. for any ξj , 1 ≤ j ≤ n, and for any complex
numbers zj , 1 ≤ j ≤ n, the following inequality holds.

n∑
1

zj z̄kC(ξj − ξk) ≥ 0. (A.1.3)

Then, we have the theorem

Theorem A.1 (Bochner–Minlos) Given a characteristic functional C(ξ)
on E, then there exists a probability measure µ on the measurable space
(E∗,B) such that

C(ξ) =
∫

E∗
exp[i〈x, ξ〉]dµ(x), (A.1.4)

where B is the sigma-field generated by the cylinder subsets of E∗. In
addition, such a measure µ is unique.

For proof, the reader is recommended to refer to Gel’fand–Vilenkin [12]
or Hida [18].

Theorem A.2 Let C(ξ), ξ ∈ E, be a characteristic functional. If

(1) C(ξ) is continuous in ‖ · ‖m for some m,

(2) for some n(>m) the injection Tn
m : En → Em is of Hilbert–Schmidt

type, then there exists a unique countably additive measure µ on (E∗,B)
and µ is supported by E∗

n.

We omit the proof, but some examples are shown to get some idea.

Example A.1 White noise.
Let C(ξ) be given by

C(ξ) = exp
[
−σ2

2
‖ξ‖2

]
.

The measure µσ2 on (E∗,B) determined by the above characteristic func-
tional is called a Gaussian white noise with variance σ2. If σ is taken to
be 1, then we call it standard Gaussian white noise, or simply white noise
and denoted by µ, which is the white noise measure.

The measure µσ2 is invariant under the infinite dimensional rotation
group (O(E∗)-invariant) and even ergodic.

To be concrete, the measure µ is viewed as the probability distribution
of the time derivative of a Brownian motion B(t), also called a white noise
and denoted by Ḃ(t). Thus, µ-almost all x in E∗ is a sample function
of Ḃ(t).
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Example A.2 Poisson noise.
The characteristic functional

CP (ξ) = exp
[
λ

∫
(eiξ(t) − 1)dt

]
, λ > 0,

determines Poisson noise µP . The parameter λ is the intensity of the
Poisson noise. The probability distribution of the derivative of a Poisson
process is given by this µP .

Example A.3 Compound Poisson noise.
The characteristic functional CcP (ξ) of this noise is of the form

CcP (ξ) = exp
[
λ

∫
R

{
exp[iξ(t)u] − 1 − iξ(t)

u

1 + u2

}
du

]
,

where dn(u) is the Lévy measure such that

∫
R−{0}

u2

1 + u2 dn(u) < ∞.

This functional defines the probability distribution of a generalized
stochastic process obtained by the time derivative of a compound Poisson
process, which is a Lévy process without Gaussian part.

In general, the time derivative of a Lévy process Z(t) has a characteristic
functional of the form

CZ(ξ) = CG(ξ)CcP (ξ).

The CG(ξ) in the above formula is of the form

CG(ξ) = exp
[
−σ2

2
||ξ||2

]
.

This is a general case corresponds to a system of i.e.r.v.’s (see Section 2.1).

So far we have discussed the probability distribution of generalized
stochastic processes with independent values at every (space-time) point.
In fact, the characteristic functional satisfies a functional equation

C(ξ1 + ξ2) = C(ξ1)C(ξ2),

whenever ξ1(u) · ξ2(t) = 0.
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Example A.4 Wiener measure.
The probability distribution of a Brownian motion {B(t); t ≥ 0} is called

the Wiener measure. Let it be denoted by µW . It has the characteristic
functional of the form

C(ξ) = exp
[
−1

2

∫ ∞

0
|ξ̃(u)|2du

]
,

where ξ̃(t) =
∫ ∞

t
ξ(u)du, t ≥ 0.

By the Kolmogorov–Prokholov theorem (see e.g. [18]) it is proved that
µW is supported by the space C[0,∞) of continuous functions on [0,∞).

Here is a short note regarding the data processing of observed data,
then one can obtain estimates of some basic statistics, like the mean, the
covariance or the spectral density.

In principle, the characteristic functional gives us full information on
the probability distribution of a stochastic process X(t). It is therefore
recommended to obtain the characteristic functional from the data. It is, by
definition, the expectation of exp[i

∫
X(t)ξ(t)dt] over all possible trajecto-

ries X(t, ω), ω ∈ Ω. In fact, it is possible to take the set {X(·, ω), ω ∈ Ω(P )},

but we can appeal to the ergodic property of the shift {St}, provided that
X(t) is a functional of white noise and that the transition from X(t) to
X(t + h) comes from UhX(t) = X(t + h), where the unitary operator is
defined by St as in Section 10.3.

In short, X(t) is the output signal obtained by white noise input. With
this assumption, the actual computation of the characteristic functional
CX(ξ) is as follows:

CX(ξ) = lim
T→∞

1
T

∫ T+a

a

ei〈UtX(0),ξ〉dt. (A.1.5)

Under some weaken assumption, for example, the spectral density is
flat, i.e. constant, the ergodic hypothesis still holds.

A.2 Appendix 2

A review of the variation of functional U(f)

A short review of the classical theory of calculus of variations for a complex
valued functional U(f), where f runs through a certain functional space,
say a Fréchet space F . Such a functional is interesting in itself, and also
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it presents a representation of a functional U(C), C being some manifold,
although such a representation is not unique.

Suppose U(f) is continuous. If, for an infinitesimal variation δf of
f ∈ F , the following conditions

(1) there exists a functional δU(f, δf) such that

U(f + δf) − U(f) = δU(f, δf) + o(δf),

(2) δU(f, δf) is continuous linear in δf , holds then, the δU(f, δf) is called
a variation of U(f).

If the variation of U(f) exists, then by the condition (2), there is a
function U ′

f (f, t) of t depending on f such that

δU(f, δf) = 〈U ′
f (f, ·), δf〉,

where the angular bracket is the canonical bilinear form connecting F and
its dual space F ∗.

Definition The functional U ′
f (f, t) is called the functional derivative (of

the first order) of U(f).

We then come to the second order functional derivatives.
Suppose the variation of δU ′

f (f, t) of the functional derivative can for-
mally be expressed in the form

δU ′
f (f, t) = 〈U ′′

ff (f) + U ′′
fg(f), δf〉,

where

〈U ′′
ff (f), δf〉 = U ′′

ff (t)δf(t)

and where

〈U ′′
fg(f), δf〉 =

∫
U ′′

fg(t, s), δf(s)ds.

Thus, there are two functional derivatives of order two; namely U ′′
ff (t)

and U ′′
fg(t, s).

Formally writing, the second order variation δ2U of U in this case may
be expressed in the form

δ2U =
∫

U ′′
ff (t)[δf(t)]2dt +

∫ ∫
U ′′

fg(t, s)δf(t)δf(s)dt ds.

Because of this, we call U ′′
ff and U ′′

fg the singular part and the regular
part of the second order functional derivative, respectively.
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A review of the calculus for non-random fields G(C)

We first prepare some background of the variational calculus for non-
random real-valued function G(C) defined on a topological space C, which
is given by

C = {C; C ≈ Sd−1, convex},

where ≈ means smooth homeomorphism. The topology is introduced to C
by using the Euclidean metric.

Consider an infinitesimal deformation of C within C, which is symbo-
lically denoted by C + δC. To concretize such a deformation, we need an
analytic expression of the amount of the deformation δC:

δC 
 {δn(s); s ∈ C},

where δn(s) represents the outward normal vector to C at the point s ∈ C.
We assume that the δn(s) is a smooth function of s, say in E. The topology
introduced on C can be defined in such a way that C + δC converges to C,
if and only if ‖δn‖ → 0, where ‖δn‖ = sups{|δn(s)| + |δn′(s)|}.

Take a real-valued, non-random functional G(C) of C, and assume that
the G(C) satisfies the following:

G(C + δC) − G(C) = δG(C) + g(C, δC)

with the conditions

(i) δG(C) is continuous and linear in δn(s), and
(ii) g(C, δC) is of order o(‖δn‖).

The δG(C) satisfying these conditions is called the variation of G(C)
at C.

The fact (i) implies that there is a function ϕ(s) such that the variation
δG(C) can be expressed in the form

δG(C) =
∫

C

ϕ(s)δn(s)ds.

If ϕ(s) is continuous, then, we denote ϕ(s) by ∂G(C)
∂n (s) and call it the

functional derivative of G(C).
In this case, one may write

δG(C) =
∫

C

∂G(C)
∂n

(s)δn(s)ds.

Remark A.1 From now on, the δn is positive if it is measured outward
unless contrary is noted. In fact, the interior of the domain C, enclosed
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by C is tacitly understood to be the past, in a sense, so that δC is taken
towards the future (in the positive direction). (See Fig. 7.)

The second order variation of G(C) is defined by δ(δG(C))(= δ2G(C)),
and the second order functional derivative can be defined by the second
order variation of G(C). Let δ2G(C) be expressible as

δ2G(C) =
∫

C×C

ψ(t, s)η ⊗ η(t, s)dt ds + o(η ⊗ η).

In general ψ is a generalized function, however if it is a continuous function,
then it is called the second order functional derivative and denoted by
∂2G
∂η∂η (s, t). It is a symmetric function. A favourable and indeed somewhat
interesting case is that it is expressed as a sum of two terms as follows:

f(s)δ(t − s) + g(s, t),

where f is continuous and g is an L2-kernel. Note that both are functional
of ξ. Customary, the two functions are denoted by G′′

ξ2(s) and G′′
ξ,ξ′(s, t),

respectively.
As we shall see later, the integral of the first term

∆LG =
∫

G′′
ξ2(s)ds

determines the Lévy Laplacian ∆L in functional analysis, acting on non-
random functional G(C). It should be noted that for the first term the sin-
gularity is found only on the diagonal. This fact suggest a special role in the
analysis of generalized white noise functionals discussed in later sections.

The variational calculus for a (non-random) function of C is more effi-
ciently used for the calculus of a random field rather than a function Φ(f),
f being a function. Note that C has an analytic representation in terms of a
function, for which the classical theory of functionals can be applied. There
we should note the analysis does not depend on the choice of a function f .

Sometime, the Lévy Laplacian is defined by the average over an
interval T ,

1
|T |

∫
T

G′′
ξ2(s)ds,

|T | being the length of T , if the parameter set is limited.
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A.3 Appendix 3

Reproducing kernel Hilbert space (RKHS)
General theory
Let F be a class of functions defined on E, forming a Hilbert space (real or
complex) with an inner product (·, ·). A kernel K(x, y), (x, y) ∈ E × E, is
called a reproducing kernel of F if

(1) For every y, K(x, y), as a function of x, belongs to F

(2) the reproducing property holds : for every y ∈ E and every f ∈ F

(f(x), K(x, y)) = f(y).

The Hilbert space F with reproducing kernel K is called a reproducing
kernel Hilbert space. It is often written as H(K).

By definition the following properties are immediately verified.

1. If a reproducing kernel exists, then it is unique.
2. For any fixed y ∈ E, the function y(f) ≡ f(y) is a continuous functional

of f ∈ F.

3. The reproducing kernel K is positive definite, more precisely non-
negative definite: for any n, any yj , 1 ≤ j ≤ n and any ξj in C, 1 ≤ j ≤ n,

∑
i,j

K(yi, yj)ξiξ̄j ≥ 0.

In particular

K(x, x) ≥ 0, K(x, y) = K(y, x), |K(x, y)|2 ≤ K(x, x)K(y, y).

4. If fn strongly converges to f in the space H(K), then fn converges
to f pointwise. In addition, if K(x, x) is uniformly bounded, then the
converges of fn is uniform.

5. If H(K) is a subspace of a bigger Hilbert space F, then the equation

f(y) = (h(x), K(x, y)), h ∈ F

gives the projection f of the element h in F.

6. If {gn} is a complete orthonormal system in H(K), then for every se-
quence {αn} with ‖α‖2 =

∑
n |αn|2 < ∞, we have

∞∑
1

|αn||gn(x)| ≤ K(x, x)
1
2
‖α‖



April 27, 2004 16:1 WSPC/Book Trim Size for 9in x 6in App

172 Innovation Approach to Random Fields

and

K(x, y) =
∑

n

gn(x)gn(y).

Remark A.2 Property 4 is quite helpful for us when white noise analysis
is discussed.

Construction
Let D be an abstract set. Given a positive definite kernel K(x, y) on D×D.
Then, the following theorem is proved.

Theorem A.3 There is a complex Hilbert space H(K) of functions on
D such that

(1) the system K(·, t), t ∈ D spans the entire space H(K)
(2) the inner product in H(K) satisfies

(f(·), K(·, t)) = f(t),

for any f in H(K).

Namely, we can construct a reproducing kernel Hilbert space H(K), for
which the given kernel K(x, y) is the reproducing kernel.

Outline of the proof
(i) Let F1 be a complex vector space spanned by the vectors of the form

f1(x) =
n∑

k=1

akK(x, yk), ak ∈ C.

Define a bilinear form (f1, g1), f1, g1 ∈ F, by

(f1, g1) =
n∑

k=1

m∑
j=1

ak b̄jK(uj , yk)

with

g1(x) =
m∑

j=1

bjK(x, uj).

(ii) Introduce an equivalence relation ∼ to the space F, by

f1 ∼ f ′
1 ⇔ ‖f1 − f ′

1‖ = 0.
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Then, F1 is classified to obtain F = F1/ ∼ . A member of F is denoted by
f, g, . . . It is easy to see that F is a vector space to which the inner product
(f, g), is introduced by using (f1, g1).

Define ‖f‖ for f ∈ F by ‖f‖ = ‖f1‖, f1 ∈ F1, f being the representative
of the class f. The ‖ ‖ is a Hilbertian norm ‖ ‖. For a fixed y ∈ D, set
g(x) = K(x, y). Then for f1(x) =

∑n
k=1 anK(x, yk), we have

(f(·), K(·, y)) =

(
n∑

k=1

akK(·, yk), K(·, y)

)
=

n∑
k=1

akK(y, yn) = f(y),

which shows that K(x, y) is a reproducing kernel.
(iii) If necessary, we take the completion of the normed space F to have a
Hilbert space H(K). The kernel K(x, y) plays the role of the reproducing
kernel on H(K).

If the diagonal values of the kernel K(x, y) is bounded, that is K(x, x) ≤
M for every x and for some M , then the reproducing property (2) proves
that |f | ≤ M‖f‖ for every f ∈ H(K). Then follows that the weak conver-
gence in H(K) implies the point-wise convergence.

These facts are the case where the kernel comes from a characteristic
functional of a stochastic process.

As we have seen in Section 2.1, a characteristic functional C(ξ) is posi-
tive definite on the space E, so that it defines a reproducing kernel Hilbert
space with the kernel C(ξ − η), (ξ, η) ∈ E × E.

Example A.5 White noise.
The characteristic functional is C(ξ) = exp[− 1

2‖ξ‖2]. Take C(ξ − η) to
be the reproducing kernel to define the RKHS H(C).

Write C(ξ − η) in the form

C(ξ − η) = C(ξ) exp[〈ξ, η〉]c(η).

Then, we have

d

dt
C(ξ − tη)|t=0 = C(ξ)〈ξ, η〉.

By repeating this procedure, we obtain a functional of ξ of the form

C(ξ)Hn(〈·, η〉; ‖η‖2),

where Hn(u, σ2) denotes the Hermite polynomial of degree n with para-
meter σ2. We can now recognize that Hn(〈·, η〉; ‖η‖2) appears as the
S-transform of a monomial 〈x, ξ〉n of degree n.
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Let the above trick be generalized to the case where η and the differential
operator dk

dtk are replaced by
∑

tjηj and Πk

(
∂

∂tj

)kj , respectively. The ηj ’s
are taken to be orthonormal.

Then, we can prove

Theorem A.4 The RKHS H(C) defined by the kernel C(ξ − η), (ξ, η) ∈
E × E in the case of white noise is isomorphic to the function space F
given by the S-transform in such a way that a homogeneous chaos in (L2)
corresponds to a monomial on ξ up to a factor C(ξ).

A similar argument can be applied to the case of Poisson noise, by
replacing monomial in ξ with a monomial in eiξ.

Example A.6 Gaussian process.
Let X(t), t ∈ I = [0, 1] be a mean continuous Gaussian process. We

assume E[X(t)] = 0. Let Γ(t, s) be the covariance function of X(t). Since
Γ(t, s) is positive definite, there is a RKHS H(P ). It is isomorphic to the
Hilbert space M(X) spanned by the X(s), s ∈ I. The isomorphism is deter-
mined by the mapping Π:

Π : X(t) ← Γ(·, t) ∈ H(P ).

Since Γ is bounded, the mean convergence turns into a point-wise conver-
gence in H(Γ).

In addition, the subspace Mt(X) spanned by X(s), s ≤ t, is mapped
under Π to a subspace Ht(Γ) of H(Γ):

Π(Mt(X)) = Ht(Γ).

Note that Ht(Γ) is spanned by the Γ(u, s), s ≤ t, u ∈ I.

By the property 5 in general theory, the prediction can be discussed by
using the subspace Ht(P ).

Example A.7 Gaussian random field X(C), C ∈ C.
Assume that X(C) has a canonical representation in term of white noise

x(u), u ∈ Rd. Let X(C) be represented by

X(C) =
∫

C

F (C, u)x(u)du.

Let Γ(C, C ′) be the covariance function of X(C). Then, there is a RKHS
with reproducing kernel Γ(C, C ′). There a similar game to Example A.6
can be played.
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A.4 Appendix 4

Poisson–Charlier polynomials
For Poisson noise the so called Poisson–Charlier polynomial plays the role
of the Hermite polynomial for Gaussian white noise in the analysis of the
(L2)-space.

Let p(x; λ) be the Poisson distribution with parameter λ > 0:

p(x; λ) =
λx

x!
e−λ, x = 0, 1, 2, . . .

The Poisson–Charlier polynomial pn(x; λ) is given by

pn(x; λ) = (−1)n λn/2
√

n!
∆np(x; λ)

p(x; λ)
,

where ∆ is the difference operator:

∆f(x) = f(x) − f(x − 1)

and where p(x; λ) = λx

x! e
−λ, Poisson distribution.

The polynomials pn(x; λ), n = 0, 1, 2, . . . form an orthonormal system
in the following sense:

∞∑
x=0

pn(x; λ)pm(x; λ)p(x; λ) = δn,m.

Examples

p0(x, λ) = 1

p1(x, λ) =
1√
λ

(x − λ)

p2(x, λ) =
1√
2λ

(x2 − (1 + 2λ)x + λ2)

p3(x, λ) =
1√

6λ3/2

(
x3 − 3(1 + λ)x2 + (3λ + 3λ2 + 2)x − λ3)

· · · · · · · · · · · · · · ·

These polynomials form a complete orthonormal system with respect to the
density λx

x! e
−λ.
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A relation to the Laguerre polynomial Lα
n(a)

The equation (6.3.2) can be obtained from

Lα+β+1
n (a + b) =

n∑
m=0

Lα
m(a)Lβ

n−m(b)

and

Lx−n
n (a) =

an/2
√

n!
pn(x, a).
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Epilogue

(I) The Chern–Simons action integrals

At the last stage of writing this volume, we knew that our white noise
analysis, in particular the theory of generalized white noise functionals
(white noise distributions), will play important roles in the path integral
theory of Chern–Simons action functionals too. Development towards this
direction seems to be quite interesting. It is, however, impossible to explain
details on how it will work. We now wish to give just a very short note to
show what we wish to discuss on this topic.

Let G be a connected Lie group and let g be the Lie algebra with an
Ad-invariant inner product 〈·, ·〉g. A connection A is a smooth g-valued
1-form on R3 = {(x0, x1, x2); xi ∈ R}.

The Chern–Simons action CS is given, with the usual notation, by

CS(A) =
κ

4π

∫
R3

(
〈A ∧ dA〉 +

1
3
〈A ∧ [A, A]〉

)
dv, (1)

where dv is the Lebesgue measure on R3.
Assume the gauge invariance of exp[iCS(A)] and others. Then, one may

consider the case where A is expressed in the form

A = a0dx0 + a1dx1,

where a0 and a1 are g-valued smooth function on R3 with the boundary
conditions:

a1(x0, x1, 0) = 0, a0(x0, 0, 0) = 0. (2)

Now CS(A) given by (1) is written as CS(a0, a1) and we can prove

CS(a0, a1) =
κ

2π
〈a0, −∂2a1〉 =

κ

2π
〈a0,−f1〉,

with f1 = ∂2a1.

177
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The Chern–Simons integral is of the form∫
A′

φ(a0, a1)eiCS(a0,a1)Da0Df1, (3)

where A′ is the collection of A’s satisfying the conditions (2).

Now follow interesting problems.

(1) The measures Da0 and Df1 may basically be assumed to be Gaus-
sian. Taking the condition (2) into account, one may think of some modi-
fication. Then, come to the path integrals.

(2) Lagrangian dynamics for CS(A) has been discussed successfully to
some extent. One can expect more development.

(3) Since G is taken to be a gauge group, can one consider complex
white noise and infinite dimensional unitary group?

The authors have received new insights from the works such as

P. Leukert and J. Schaefer, Reviews in Math. Phys. 8 (1996), 445–456,
S. Albeverio and A. Sengupta, Commun. Math. Phys. 186 (1997),

563–579,

and recent paper [43] listed in the Bibliography.

(II) The elemental Poisson noise
From the view point of Reductionism we understand that Gaussian white
noise and Poisson noise are elemental. Also, we understand that, in an
intuitive level, innovation can be thought of a composition of Gaussian
white noise and superposition of Poisson noises with different jumps under
certain reasonable assumptions. This should be proved in a level of math-
ematical rigor.

As the reader can guess, this fact needs profound discussion to be well
understood. From a certain point of view, we can prove by taking a general-
ized random field with two-dimensional parameter (t, u), where t ≥ 0 stands
for the time and u ∈ R−{0} tacitly corresponds to the height of jumps of a
Poisson process (noise) which is an elemental component of the compound
Poisson noise. A candidate of the generalized random field in question,
denote it by Ṗ (t, u), has the characteristic functional of the following form

C(ξ) = exp
[
λ

∫ ∫
(eiξ(t,u) − 1)dt du

]
,

where ξ is a test functional in a certain nuclear space.
Behind our analysis in this volume is the investigation of the Ṗ (t, u)

and its nonlinear functionals. For rigorous discussion we refer to our forth-
coming paper

T. Hida and Si Si, Note on the Lévy field (to appear).
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O(E), O∗(E∗) infinite dimensional 2.3
rotation group

∆∞,N = −∆∞ 2.4
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Lévy noise, 37
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